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APPENDIX. 


PEOPERTIES  OF  THE  CONIC  SECTIONS. 


OF  THE  ELLIPSIS. 


DEFLMTIONS. 


1 .  An  ellipsis  is  a  plane  figm-e,  bounded  by  a  curved  line, 
and  is  such  that  if,  from  any  point  in  the  curve,  two  straight 
lines  be  dra"v\TCi  to  two  certain  points,  the  sum  of  these  lines 
will  always  be  the  same. 


Let  the  pupil  fix  two  pins  in  a 
table  at  any  convenient  distance, 
as  at  F,/;  next  he  is  to  fasten 
the  two  ends  of  a  thread,  and  Af 
throw  it  loosely  over  the  fixed 
pins ;  then  by  stretching  the 
string  with  a  black-lead  pencil  or 
a  sharp-pointed  instrument,   and 


E   C 


IX  D 


carrying  it  gently  roimd,  an  ellipsis  will  be  formed, 

2.  The  two  points,  F,  /,  where  the  pins  are  fixed,  are 
called  the  foci. 

3.  The  line  passing  through  the  foci  is  called  the  trans- 

2 
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verse  axis,  or  the  axis  major.     The  point  0,  in  the  middle 
of  the  axis  A  B,  is  the  centre  of  the  ellipsis. 

4.  The  line  C  D,  drawn  through  the  centre  of  the  ellipsis, 
"perpendicular  to  the  transverse  axis  A  B,  is  called  the  con- 
jugate axis,  or  the  axis  minor. 

5.  The  line  L  R,  drawn  through  the  focal  point  F  or  _^ 
perpendicular  to  the  transverse  axis  A  B,  is  called  the 
parameter,  or  latus  rectum. 

6.  A  line  drawn  i'rom  any  point  of  the  curve,  perpen- 
dicular to  the  transverse  axis,  is  called  an  ordinate  to  the 
transverse  axis,  as  E  G,  or  H  G.  When  it  goes  quite 
through  the  ellipsis,  as  E  H,  it  is  called  a  double  ordinate. 

7.  The  extremity  of  any  diameter  is  called  the  vertex  ; 
i;hus,  A  and  B  are  the  vertices  of  the  diameter  A  B ;  C  and 
D  are  the  vertices  of  the  diameter  C  D. 

8.  That  part  of  the  diameter  between  the  vertex  and  the 
ordinate  is  called  an  abscissa ;  thus  G  B  and  A  G  are  ab- 
scissas to  the  ordinate  G  E. 


PROPOSITION  I. 

If  from  any  point  P,  in  an  ellipse,  straight  lines  P  F,  P/, 
be  dratvn  to  the  foci  F  /,  their  sum  is  equal  to  the  trans- 
verse axis  A  B. 

For,  from  the  generation  of  the  curve,  it  is  evident  that 
A  /  is  equal  to  B  F ;  hence  A  F  =:  B/.  It  is  plain  also 
•that  F  P  -t-  P/  =  A/  +  A  F  zz  A/  -I-  B/  =  A  B. 
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PROPOSITION  11. 

The  line  connecting  the  extremity  of  the  conjugate  axis  and 
focus  of  the  ellipse  is  equal  to  half  the  transverse  axis  i 

that  is,  F  C  or  fC  =  ^^  =  A  O,  or  0  B. 

For,  by  the  last  Proposition,  F  C  +  /  C  =  A  B  ;  but 
F  C  s/C  ;  because  in  the  triangles  F  o  C  and/o  C,  F  o 
is  equal  to fo  and  o  C  common,  and  the  angles  at  o  right;, 
therefore  F  C  is  equal  to/  C  (4,  I.)  and  hence  F  C  is  equal 

to  ^-^  =  A  O,  or  0  B. 


PROPOSITION  III. 


THEOREM. 


7%e  transverse  and  conjugate  diameters  of  an  ellipsis  being 
given,  to  find  the  foci,  and  construct  the  figure. 

Draw  the  transverse 
and  conjugate  diameters, 
bisecting  each  other  at 
right  angles  at  0  ;  from 
C  as  a  centre,  and  radius 
A  O,  describe  an  arc 
cutting  the  transverse 
diameter  A  B  in  F,  /, 
which  are  the  foci  of  the 
ellipsis ;  take  a  great 
number  of  points  in  A  B,  the  more  the  better,  as  m,  m,  &e., 
with  the  radii  A  m,  B  »?  (A  m  -|-  B  m  =  A  B),  and  with  F,/, 
as  centres,  describe  two  arcs  crossing  each  other  at  o,  o,  &c. 
Join  o,  o,  &c.,  with  the  pen,  and  the  curve  will  be  that  of  an 
ellipsis. 
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For,  by  Proposition  II.  FC=/C  =  AO:  and  by 
Proposition  I.  F  o  +  o f  =  A  7n  -\-  B  m  =  AB  ;  bence  tbe 
reason  of  tbe  construction. 

On  tbe  same  principle,  an  ellipse  may  be  constructed  by 
means  of  tbree  rulers. 

Provide  tbree  rulers,  of  wbicb  two  F  z,  f  x  are  equal, 
eacb,  to  tbe  transverse  axis  A  B,  and  tbe  tbird  z  x  equal  to 
tbe  focal  distance  F/.  Tben  connecting  tbese  rulers  so  as 
to  move  freely  about  F,  /,  and  also  about  x,  z,  tbeir  inter- 
section P  will  always  be  in  tbe  cui-ve  ;  so  tbat  if  slits  run 
along  botb  rulers,  and  tbe  instrument  be  turned  freely  about 
tbe  foci,  a  pencil,  or  sbarp-pointed  instrument,  introduced 
tbrougb  tbe  slits  at  tbe  point  of  intersection,  will  describe 
an  ellipse. 


PROPOSITION  IV. 

The  distance  hcticeen  the  tico  foci  is  a  mean  proportional 
between  the  sum  and  difference  of  the  transverse  and  con- 
jugate axis,  that  2.9,  A  B  +  C  D  :  F/ : :  F / :  A  B  —  C  D. 

For  C  0^  =  F  02  —  F  0^  =  A  o2  —  F  o^  (^Prop.  II.) 

•   4  C  o2  (=  C  D2)  =  4  A  0^  —  4  F  o2  ;  but  4  A  0^  = 

AB2,  and  4  F  o^  =  F/2  (Cor.  4,  11.) ;  bence  F/2  =  AB^ 
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—  C  D2  =  (A  B  +  C  D)  X  (A  B  —  C  D)  (Cor.  5,  11.) ; 
therefore  A  B  +  C  D  :  F/ : :  F/ :  B  A  —  C  D  (17,  VI.) 


^G 


PROPOSITION  V. 

The  square  of  the  distance  of  the  focus  from  the  centre  is 
equal  to  the  difference  of  the  squares  of  the  semi-axes  ; 
that  is,  F  o2  =  A  o^  _  C  o^. 

For,  F  o2  =  F  C®  —  0  C2  (47,  I.) ;  but  F  C  =  A  o 
(Prop.  II.) ;  therefore  F  o^  =  A  o^  _  o  C^.— See  the  last 
figure. 


PROPOSITION  VI. 

The  rectangle  of  the  distances  of  either  focus  from  both 
vertices  is  equal  to  the  square  of  the  semi-conjugate  ; 
that  2.y,  A  F  X  F  B  =  C  o^. 

Because  C  o^  =  F  C^  —  F  o^' ;  and  F  C  =  A  o  ;  there- 
fore C  o2  =  A  o2  _  F  0^  =  A  F  X  F  B  (Cor.  5,  II.)— 
See  the  last  figure. 


PROPOSITION  VII. 

To  draiv  a  tangent  to  an  ellipsis,  from  a  given  point  P  in 

the  curve. 


8 


APPENDIX    TO   MENSURATION. 


Join  F  P,  /  P  ;  bisect  the 
exterior  angle  /PS.  The 
bisecting  line  P  N  will  be  a 


tangent. 


For,  if  not,  it  will,  if  produced,  cut  the  curve  in  some 
other  point,  suppose  Q.  Make  P  S  =  P/;  join/  S,  S  Q,* 
Q  /;  Q  F :  then  (4,  I.),  /  N  =  N  S,  and  the  angle/  N  Q  = 
S  N  Q  /.  (4, 1.)  Q  S  =  Q/ .'.  F  Q  +  Q  S  =  (F  Q  +  Q/= 
■p  P  -}-  P/)  =  F  S,  which  is  impossible  (20,  I.) :  therefore, 
P  N  is  a  tangent  to  the  curve. 

Cor.  1.  The  line  joining  N  and  the  centre  C  is  equal 
to  half  F  S  (4,  VI.)  because  it  bisects /F  and/S;  but 
F  S  =  A  B  /,  C  N  =  A  C.  In  like  manner,  it  may  be 
proved  that  if  F  M  be  perpendicular  to  the  tangent,  C  M  = 

A  C. 

Cor.  2.  Produce  N  C,  M  F,  to  meet  in  R ;  then  (26,  I.), 
C  R  =  C  N,  and  F  R  =/  N ;  therefore,  since  R  M  N  is  a 
riglit  angle,  a  circle  having  C  for  its  centre,  and  radius 
C  A,  will  pass  through  the  points  A  M  N  B  R,  /.  M  F  X 
F  R  =  M  F  X  /  N  =  A  F  X  F  B  =  the  square  of  the 
semi-conjugate.     (Prop.  VI.) 

PROPOSITION  VIII. 

Tlie  square  of  half  the  transverse  axis  is  to  the  square  of 
half  the  conjugate,  as  the  rectangle  of  any  two  abscissas 
to   the  square  of  the  ordinate  u-hich  divides  them;  that  is^ 

A  c2  :  c  D2  ::  Ak  x  kB  :  mk^. 

To  understand  this,  it  is  necessary  to  premise  the  follow- 
ing lemma,  viz. 


Q  S  may  be  drawn  with  the  pen. 
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If  from  the  vertex  of  any  plane  triangle  a  perpendicular 
be  let  fall  on  the  base,  or  base  produced,  and  the  base  be 
bisected ;  then  half  the  base  is  to  half  the  sum  of  the  sides, 
as  the  difference  between  half  the  sum  of  the  sides  and  one 
of  them  is  to  the  distance  between  the  middle  of  the  base  and 
perpendicular. 

Make  F  O  =:  half  the  sum  of  the  sides  F  m,fm;  then  it 
will  be  F  c  :  F  O  : :  O  y«  or  F  O  —fm  :  c  h. 


Because  F  /:  F  D  ::  F  m  —  /*?«:  F  G.  Hence  F  c  ' 
FO::Om:iF  G  =  i  F/+i/G  =  /c  +/A  = 
c  k. 

By  the  lemma  A  c  :  F  c  : :  c  k  '.  A  c  — ./  «*?  which 
being  squared  and  divided,  will  be  A  c^  :  A  c^  —  F  c^  : : 
c  A2  :  c  /e2  _  A  c2  +  2  A  c  X  /"m  — /?«^  ;  then,  by  alter- 
nation and  conversion,  A  c^  :  A  c^  —  F  c^  I :  A  c^  —  e  ^^, 
:  2  A  c2  _  F  c2  _  c  /fc2  _ 

2  A  c  X  f  m  ■\-  f  /«2  ;    but 
A  c2  _  F  f2  -  c  D2,  also 
A  c2  _  c  A-2  =:  A  A  X  A  B, 
and  2  A  e2  _2  A  c  X  fm  —  ^ 
2  F  c  X  c  /i ;  likewise  y'/w^ 

_  F  c2  _  c  A2  -}-  2  F  c  X 

c  A  =/?rt2  —fk'^  —  nik'^ 

.-.  A  c2  :  c  D2  : :  A  A  X 

A  B  :  »i  A2. 

A  2 
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Cor.  1,  The  latus  rectum  is  a  third  proportional  to  the 
axis  major  and  axis  minor. 

For  A  c2  :  c  D2  : :  A  F  x  F  B  or  c  D^  :  F  L^*  /.  A  c 
:cD::cD:FL.-.  2Ac:2cD::2cD:2FL. 

Cor.  2.  The  transverse  axis  is  to  the  latus  rectum,  or 
parameter,  as  the  rectangle  or  any  two  abscissas  is  to  the 
square  of  the  ordinate  which  divides  them.  Because,  by 
Cor.  1,  DG^  =  ABxjo  (putting  p  for  the  parameter)  ; 
therefore  A  B^  ;  A  B  X  jc*  : :  A  A  X  ^  B  :  m  A^  ;  hence 
A  B  :  77  : :  A  A  X  ^  B  \  mk'^. 

Cor.  3.  Hence  the  rectangles  of  every  pair  of  abscissas 
are  proportional  to  the  squares  of  their  corresponding  ordi- 
nates. 

Cor.  4.  The  square  of  half  the  conjugate  is  to  the  square 
of  half  the  transverse,  as  the  rectangle  of  any  two  abscissas  of 
the  conjugate  is  to  the  square  of  the  corresponding  ordinate. 

For,  by  the  Prop.  A  c^  ;  c  D^  : :  A  c^  —  c  K^  :  m  K^  or 
c  N^  ;  then,  by  inversion  and  division,  c  D^  :  A  c^  I :  (c  D^ 
—  c  N2  -^  D  N  X  N  G  :  c  K2  =  m  N2 See  next  figm-e. 

Cor.  5.  Hence  also  the  rectangles  of  the  abscissas  of  the 
conjugate  are  proportional  to  the  squares  of  the  ordinates 
which  divide  them. 

D 
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*  F  L,  wliic-li  here  signifies  the  latus  rectum,  is  not  in  the  figure,  but 
mav  be  di-a^vn  with  the  pen. — See  Definition  5. 
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Cor.  6.  As  A  c2  (=  F  D2)  =  c  D2  +  F  c2  ;  then  c  D2 
+  F  c2  :  c  D2  : :  A  K  X  K  B  :  m  K2. 

Cor.  7.  By  Cor.  4,  c  D^  :  c  D^  +  F  c^  : :  D  N  X  N  G  : 
N  »j2. 

Cor.  8.  As  c  D2  z=  A  c2  _  F  c2  ;  then,  by  Cor.  4,  A  c^ 
—  F  c2  :  A  c2  : :  D  N  X  N  G  :  N  m^. 

D  G^ 
Cor.  9.  Because  A  B  =  ;  therefore,  by  Cor.  2, 

D  G2  :  ;?2  : :  A  K  X  K  B  :  m  K2. 

Cor.  10.  Fi-om  m  draw  m  o  ■=.  half  the  transverse,  then 
will  m  *  z=  half  the  conjugate.  For,  by  similar  triangles, 
m  o^  or  A  c^  ;  m  N^,  or  c  K^  : :  5  w^  :  *  K^  ;   then,   by 


s  m'^  '.: 


Ac2 


'2    • 


alternation  and  division,  A  c^ 

(^  »i2  _  5  K2  =)  m  K2  :.  sm  =  CY>. 

Cor.  11.  Therefore,  if  from,  a  point  o  be  laid  off  o  5  = 
half  the  difference  between  the  diameters,  and  that  line  be 
produced  till  it  becomes  equal  to  half  the  transverse,  its  ex- 
tremity will  be  in  the  ciu've. 

Cor.  12.  If  upon  either  axis  a  circle  be  described,  the 
corresponding  circular  and  elliptic  ordinates  wiU  be  propor- 
tional. Because  the  rectangles  of  the  abscissas  are  equal  to 
the  squares  of  the  circular  ordinates.     (35,  III.) 


rd 


Cor.  13.  If  through  the  extremities  of  two  unequal  cllijitic 
ordinates  a  straight  line  be  drawn,  so  as  to  cut  the  axis  pro- 
duced, a  straight  line  drawn  from  the  point  of  intersection 
will  pass  through  the  extremities  of  the  corresponding  ( \:- 
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cular  ovdinates.     Because  T  'N  '.  p  1/  ','.  S'N  :  x  1/  (Cor.  12); 

but  S  N  :  a;  y  : :  T  N  :  T  y  /.  P  N  :  j9  y  : :  T  N  :  T  y. 

Cor.  14.  From  this  we  may  infer  that  tangents  drawn  to 
any  two  coiTesponding  ordinates  will  pass  through  the  same 
point  in  the  axis. 

PROPOSITION  IX. 

If  through  the  extremities  of  two  unequal  ordinates  a  right 
Hue  be  drawn,  so  as  to  cut  the  axis  produced;  then,  as  the 
square  0/  the  distance  of  one  of  these  ordinates  from  the 
point  of  intersection,  is  to  the  rectangle  of  the  abscissas, 
which  it  divides,  so  is  the  sum  of  the  distances  of  the 
ordinates  from  the  point  f  intersection,  to  the  sum  or  dif- 
ference 0/  the  distances  0)  the  ordinates  from  the  centre, 
according  as  they  fall  on  the  same  or  contrary  sides  of  the 
centre;  that  w,  T  Q^  :  A  Q  X  Q  B  I :  T  Q"  +  T  L  :  c  Q 
+  c  L. 

From  tlie  property  of  the  curve  and  similar  triangles  T  Q® 
:  A  Q  X  Q  1^  : :  T  L2  :  A  L  X  L  B,  and  therefore,  T  Q® 
:AQ4-QB::TL2_TQ2  :AL  xLB— AQx 


MT) 


Q  B.  Now,  T  L^—  T  Q2  _  (T  L  +  T  Q)  X  (T  L  —  T  Q) ; 
but  TL=:T  (■  -\-  cL^  and  1  Q  z=  T  c  —  c  Q  /.  T  L  + 
TQ  =  '2T  c  —  cQ  -\-  cL,  and  TL  —  TQ=:cQ  +  cL 
.-.  T  L'2  _  T  Q2  z=  2  T  c  X  c  Q  +  2  T  c  X  c  L  +  c  L2_ 
c  Q2  ;  and  A  L  x  L  15  =  A  c^  —  cV^,BL  being  the  sum  of 
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A  c,  c  L,  and  A  L  their  difference,  in  like  manner,  A  Q 
xQB=:Ac2_cQ'2/.  ALxLB  —  AQXQB  = 
c  Q2  _  c  L2  .-.  T  Q-2  :  A  Q  X  Q  B  : :  2  T  c  X  c  Q  +  2  'fc 
XcL  +  cL2_cQ2  :cQ2— cL2;  which  divided  by  c  Q + 
cL;  TQ2:AQxQB::(2Tc  —  cQ  +  cLlcQH- 
cLlOTQ+TL'.cQ-l-cL. 

Cor.  1.  When  Q  and  L  coincide,  T  M  will  become  a 
tangent,  and  c  Q,  c  L  will  each  become  equal  to  c  N  ;  there- 
fore T  N^  :  A  N  X  N  B  : :  2  T  N  :  2  c  N  ;  that  is,  c  N  : 
B  N  : :  A  N  :  T  N  /.  c  N  X  T  N  =  A  N  x  B  N. 

Cor.  2.  From  tlie  last  analogy,   we  get  c  N   :   B  N  — 

cN::AN:TN  —  AN;  /.  cN:Ac::AN 
:  A  T. 

Cor.  3.  By  alternation  and  composition,  the  first  analogy 
becomes  cN:cN  +  AN::BN:BN-|-TN;  that  is, 
c  N  :  A  c  : :  B  N  :  B  T. 

Cor.  4.  From  the  two  last  corollaries,  we  get  A  N  :  B  N 
: :  A  T  :  B  T. 

Cor.  5.  By  alternation  and  composition,  the  second  corol- 
laiy  becomes  cN  IcN  +  AN  ::  Ac:  Ac  +  AT;  that 

is,  c  N  :  c  A  : :  c  A  :  c  T. 

Cor.  6.  By  inversion  and  composition,  the  last  becomes 
c  T  :  r;  A  : :  c  T  +  c  A  :  c  A  +  c  N  ;  that  is,  c  T  :  c  A 

: :  B  T  :  B  N. 

Cor.  7.  From  the  fifili,  we  get  c  T  :  c  A  : :  c  T  —  c  A 

:  c  A  —  c  N,  thai  is,  c  T  :  c  A  : :  A  T  :  N  A. 

Cor.  8.  From  the  sixth,  cTlBTlIcT  —  AclBT 
—  B  N  ;  that  is,  c  T  :  B  T  : :  A  T  :  N  T. 

Cor.  9.  By  the  sixth  and  eighth,  c  A  :  B  N  : :  A  T  :  N  T. 

Cor.  10.  By  the  seventh  and  eighth,  c  A  :  B  T  i:  A  N  : 
NT. 

Cor.  11.  If  tangents  be  drawn  at  each  vertex  of  the 
curve,  and  it'  the  conjugate  be  produced  to  meet  any  other 
tangent,  then  as  one  of  these  tangents  is  to  the  ordinate 
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drawn  from  the  point  of  contact,  so  is  tlie  semi-conjugate 
produced  to  the  other  tangent.  For  (Cor.  8)  c  T  :  B  T  ;; 
AT:NT.-.  CR:BI::AP:NO;  hence,  B  I  :  N  O 

: :  c  R  :  A  P. 


T  ^ 


NO; 


Cor.  12.  By  similar  triangles,  TB:TN::BI:NO 
/,  by  the  10th  Cor.  AC:AN::BI:ON. 

Cor.  13.  By  similar  triangles,  T  A  :  T  N  : :  A  P 
therefore,  by  the  9th  Cor.  AC:BN::AP:N0. 

Cor.  14.  The  12th  and  13th  Ex.  Equo.  perturbate  A  N  : 

B  N  : :  A  P  :  b  I. 

Cor.  15.  By  compounding  the  12th  and  13th,  A  C^  :  A  N 
XNB::APXBI:0N2;  that  is,  C  D2  :  N  02  : :  A  P 

X  B  I  :  N  02  (Prop.  VII.  Cor.  1) ;  therefore  C  D^  z=  A  P 
X  B  I ;  that  is,  the  semi-conjugate  axis  is  a  mean  px'opor- 
tion  between  the  vertical  tangents. 

Cor.  16.  Hence  A  PxBI(=CD2)rrAFxFB 
=  A/  X  /B  ;  therefore,  A  F  :  A  P  ::  B  I  :  F  B,  and  A/ 
:  A  P  I '.  B  I  :  y*  B ;  therefore  the  triangles  are  similar  and 
right,  and  the  triangles  P  F  I  and  P/  I  are  right-angled  at 
F  andy";*  therefore  R  is  the  centre  of  a  circle  which  will 
pass  through  the  points  P,  F,y,  and  I. 

*  The  lines  P  F,  P  /,  If ,  which  are  not  in  the  cut,  may  be  di-awn 
with  the  pen. 
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PROPOSITION  X. 

Jn  the  ellipse,  the  square  of  any  diameter  is  to  the  square  of 
its  conjugate,  as  the  rectangle  of  the  abscissas  to  that  dia- 
meter to  the  square  of  the  ordinate  which  divides  them  ; 
that  is,  C  M2  :  C  S2  : :  M  O  X  O  M  :  O  N  2. 

From  the  point  O  draw  O  R  parallel  to  the  axis  A  B, 
and  O  H  perpendicular  to  it:  also  through  the  point  N, 
the  extremity  of  the  ordinate,  draw  R  Q  parallel  to  D  C, 
and  draw  the  ordinates  M  P  and  K  S. 
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Then  by  similar  triangles  N  Q  =  T  t^— p  c«  ^^-rj  )  X  M  P ; 

hence,  (C  P  X  P  T)2  :  M  P-2  ::  C  H2  X   T  P2  +  2  C  H 
X  O  R  X  C  P  X  P  T  +  O  R2  x_C  P2  :  N  Q2,  but  A  P 

X  P  B  :  M  P2  : :  a  C^  _  C  H'2  +  2  C  H  x  O  R  _0  R2 
:  N  Q2  (Prop.  VIII.)  :  and  APxPBzrCPxPT 
(Prop.  IX.  Cor.  I.)  ;  therefore,  CH2xTP2+2C£xOR 

X  C  P  X  P  T  +  O  R2  X  C  P2  z=  (A  C2  — ^C  H2  +  2  C  H 

X  O  R  —  O  R'2)  X  C  P  X   P  T  ;  hence  O'  R-2 

_  A  C-2  X  C  P  X  P  T  —  C  H^  X  (C  P  X  P  T  +  T  Pg) 

-  C  P  X  P  T  +  C  P2 

but  AC2  =  TCxCP  =  CPxPT+CP2;   and 

C  p  X  P  T  +  T  P2  =  C  T  X  T  P ;  therefore 

P  T  X  T  C  x  C  P2  —  P  T  X  T  C  X  C  m.  _  ^  p2 

T  C  X  C  P  -^^    ' 

that  i-,  C  P  :  P  T  : :  C  P2  _  c  H2  :  O  R2  ;  but  by  similar 
trianjrl<.s,  C  S-2  :  C  K^ : :  N  O^  :  O  R^  ;  that  is,  C  P  X  P  T 

:  C  S'2  : :  O  112  :  O  N2  (for  C  K2  =  A  P  X  P  B  =  C  P  X 
1*  T)  ;  lienco,  l)y  compounding,  C  P^  :  C  S^  : :  C  P^  _  C  H^ 
:  O  N'2  ;  but  by  similar  triangles  and  division,  C  P^  :  C  H^ 
: :  C  M-2  :  C  O"^,  and  C  P2  :  C  M2  : :  C  P2  _C  H2  :  C  M2 

—  C  0-2  ;  therefore,  Ex.  Equo.  C  M^  :  C  S^  ::  C  M^  — 
C  0  (=  M  O  X  O  M)  :  N  O^. 


PROPOSITION  XI. 

If  finm  a  vertex  of  each  of  two  conjugate  diameters  an  ordi- 
nal e  he  clra-iun  to  the  axis,  the  distance  from  one  ordinate 
to  the  centre  is  a  mean  proportion  between  the  abscissas 
of  the  other  ;  that  is,  c  X'^  =  A  N  X  N  B,  or  c  N^  = 
A  X  X  X  B. 

By  similar  triangles,  T  N^  :  c  X^  ::  [N  O^  :  R  X^  ::] 
A  N  X  N  P>  :  A  c'2  _  c  X'2  (Prop.  VIII.  Cor.  3).  But  A  N 
X  N  I'.  —  T  N  X  N  C  (Prop.  IX.  Cor.  1);  and  by  Prop. 
IX.  Cor.  5,  A  c'2  =  T  c  X  c  N  ;    therefore,  T  N  :  c  X^ 
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::Nc:TcXcN  —  c  X^,  and  by  composition,  T  N 
:  T  c  : :  c  X'-s  :  T  c  X  c  N  ;  that  is,  c  X^  rr  T  N  X  N  c 
=  (Prop.  IX.  Cor.  1)  A  N  X  N  B. 

Cor.  1.  Since  c  X^  =  A  N  X  N  B  r::  A  c^  —  c  N^,  and 
c  N2  =  A  X  X  X  B  =  A  c;2  _  c  X2  /.  c  X'2  +  c  N2  = 
2  A  c2  _  (c  N-2  X  c  X'2)  /,  c  A2  =  c  X2  +  c  N2, 

Cor.  2.  By  the  35,  III.  A  N  X  N  B  z=  the  square  of 
the  ordinate  of  the  circle  applied  to  the  point  N  ;  therefore 
the  distiince  between  the  centre  and  one  of  the  ordinates  is 
equal  to  the  other  ordinate  produced  to  the  circle. 


Cor.  3.  Hence  (and  Prop.  VIII.  Cor.  12^  A  c  :  c  D  :: 
c  X  :  N  O.  Likewise,  Ac:cD::cN:RX;  therefore^ 
A  c2  :  c  D2  : :  N  c  X  c  X  :  R  X  X  N  O. 

Cor.  4.  Produce  the  conjugate  diameters  till  they  meet 
a  tangent  drawn  through  a  vertex  of  the  curve ;  then,  by 
similar  triangles,  cN:NO::Ac:AL;  and  c  X  :  X  R 


A  c  :  A  M 
L  A  X  A  M 


therefore.  NcXcX:RXxNO::Ac* 


then,  by  Cor.  2,  c  D^  z=  L  A  x  A  M. 

Cor.  5.  Since,  by  the  third,  A  c^  :  c  D^  ; :  c  X^  ;  N  O^ 
and  A  c^  :  c  D2  : :  c  N2  :  R  X2  ;  therefore  A  c^  :  c  D^  :: 
c  X-2  +  c  N2  .  N  02  +  R  X2. 

But,  by  Cor.  1,  c  X^  +  c  N^  _  a  c^  ;  therefore,  c  D^ 
=  N  C^  4"  R  X^  ;  that  is,  the  square  of  half  the  conj  ugate 
is  equal  to  the  sum  of  the  squares  of  the  ordinates  drawn 
from  the  vertices  of  two  semi-conjugates  to  the  axis. 
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Cor.  6.  From  this  it  appears  that  the  sum  of  the  squares 
of  any  two  conjugate  diameters  is  equal  to  the  sum  of  the 
squares  of  the  transverse  and  conjugate  diameters.  For 
A  c2  4-  c  D2  =  (N  02  +  R  X2  4-  c  X2  +  c  N2  =)  c  02 
+  c  E2. 

Cor.  7.  Hence  the  sum  of  the  squares  of  any  two  con- 
jugate diameters  is  equal  to  the  sum  of  the  squares  of  any 
other  two  conjugates. 

PROPOSITION  XII. 

A  pnraUelogram  described  about  any  two  conjugate  diame- 
ters, is  equal  to  that  described  about  the  transverse  and 
conjugate. 

Draw  the  perpendicular  0  Q  ;  then,  by  similar  triangles, 
TC:CQ::CR:RX.    ButCA:CT::CN:CA 


(Prop.  IX.  Cor.  5),  and  C  N  :  R  X  : :  A  C  :  C  D  (Prop. 
XI.  Cor.  3) ;  therefore,  by  compoimdiug,  C  A  :  C  Q  1 1  C  R 
:  D  C  ;  hence,  ACxCDzzCQxCR. 

Cor.  1.  Therefore,  all  parellelograms  described  about  the 
conjugate  diameters  of  an  ellipsis  are  equal. 

Cor.  2.  By  similar  triangles,  C  K  or  A  C*  :  C  Q  I :  /  O 
:  /  L  ;  therefore,  by  the  Proposition,  /  0  :  /  L  : :  C  R  : 


*  C  K  =  A  C,  by  Cor.  1,  Proposition  Til. 
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C  D ;  also  F  0  :  F  K  : :  C  R  :  C  D ;  that  is,  as  the  dis- 
tance of  the  focus  from  the  point  of  contact,  is  to  the  per- 
pendicular from  the  focus  to  the  tangent,  so  is  the  conjugate 
diameter  parallel  to  the  tangent,  to  the  conjugate  axis. 

Cor.  3.  Hence  /  L  is  as^r^jj  and  F  K  as-— =r. 

Cor.  4.  By  compounding  the  two  last  analogies  of  the 
2nd  corollary,  FOxO/:/-LxFK::Cli2:C  l)^. 
But  C  D2  =/  L  X  F  K  (Cor.  2,  Prop.  VII.);  therefore, 
F  0  X  0/=  C  E,^  ;  that  is,  the  semi-conjugate  diameter, 
parallel  to  any  tangent,  is  a  mean  proportional  between  the 
distances  of  the  foci  from  the  point  of  contact. 


PROPOSITION  XIIL 

If  upon  either  axis  of  the  ellipsis  a  circle  be  described,  the 
area  of  the  circle  will  be  to  that  of  the  ellipsis,  as  the  axis 
upon  "which  the  circle  toas  described,  to  its  conjugate. 

By  Prop.  VIII.  Cor.  12,  the  circular  is  to  the  correspond- 
ing eUiptic  ordinate,  as  the  axis  upon  which  the  circle  is  de- 
scribed, to  its  conjugate  axis ;  therefore,  the  sum  of  all  the 
circular  ordinates,  or  the  area  of  the  circle,  is  to  the  sum  of 
all  the  elliptic  ordinates,  or  the  area  of  the  ellipsis,  as  the 
diameter  upon  which  the  circle  is  described,  to  the  conjugate 
diameter. 

Cor.  1 .  Therefore,  the  ellipsis  is  a  mean  proportional  be- 
tween the  circumscribed  and  inscribed  circles. 

Cor.  2.  Hence,  also,  a  circle  whose  diameter  is  a  mean 
proportional  between  the  axes  is  equal  to  the  ellipsis. 

Cor.  3.  From  this  Proposition  it  appears  that  all  ellipses 
are  as  their  circumscribing  parallelograms. 

Cor.  4.  The  area  of  any  circular  segment  is  to  the  area  of 
the  corresponding  elliptical  segment,  as  the  transverse  to  the 
conjugate,  or  generally  as  the  diameter  upon  which  the  circle 
is  described,  to  its  conjugate  diameter. 


20  APPENDIX  TO  MENSURATIOW. 


PROPOSITION  XIV. 

The  sphere  is  to  the  inscribed  spheroid*  as  the  square  of  the 
transverse  to  the  square  of  the  conjugate. 

This  follows  from  the  nature  of  the  circle  and  ellipsis. 
Because  the  areas  of  awy  two  correspondinof  circles  in  each, 
are  as  the  squares  of  the  diameters ;  that  is,  as  the  square  of 
the  transverse  to  the  square  of  the  conjugate  ;  therefore,  the 
sum  of  all  the  spherical  circles,  is  to  the  sum  of  all  the  ellip- 
tical circles,  as  the  square  of  the  transverse  to  the  square  of 
the  conjuiiate;  but  the  sum  of  all  the  splierical  circles  is  the 
sphere,  and  tlie  sura  of  all  the  elliptic  circles  is  the  spheroid, 
therefore,  the  sphere  is  to  the  spheroid,  as  the  square  of  the 
transverse  to  the  square  of  the  conjugate. 

Cor.  1.  The  cylinder  circumscribing  the  sphere  is  to  that 
circumscribing  the  spheroid,  as  the  square  of  the  transverse 
to  file  square  of  the  conjugate;  therefore,  the  spheroid  is 
two-thirds  of  the  circumscribing  cylinder. 

Cor.  2.  Let  /  and  c  be  the  transverse  and  conjugate,  and 

2  c'^  t  n  . 
11  =  '7854  ;  — - — is  the  solidity  or  volume  of  the  sphere. 

Cor.  3.  The  corresponding  segments  of  the  sphere  and 
spheroid,  are  as  the  square  of  the  transverse  to  the  square 
of  the  conjugate,  and  consequently,  in  the  same  ratio  with 
the  solids  themselves. 

Cor.  4.  The  spheroid  is  to  the  inscribed  sphere,  as  the 
transverse  to  the  conjugate.  Because  their  circumscribing 
cylinders  are  as  the  transverse  to  the  conjugate. 


*  A  spheroid  is  a  solid,  generated  by  the  rotation  of  a  semi-ellipsis 
about  oae  of  its  axis,  which  remains  fixed.  "When  the  ellipsis  re- 
vAves  about  the  transverse  axis,  the  figure  is  called  a  prolate  spheroid, 
which  resembles  an  egg ;  when  the  ellipsis  revolves  about  the  shorter 
ax.i-:,  tlie  figure  is  called  an  oblate  spheroid,  which  resembles  an  orange. 
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PROPOSITION  XV. 

The  oblate  xpheroid  is  to  the  inscribed  fphere,  as  the  square 
of  the  transverse  is  to  the  square  of  the  conjugate. 

Because  the  corresponding  circles  in  both  solids  are  as 
the  square  of  the  transverse  to  the  square  of  the  conjugate; 
therelore,  the  sum  of  all  the  corresponding  circles  tnu^t  be 
in  that  ratio  ;  that  is,  ihe  oblate  spheroid  is  to  the  inscribed 
sphere  as  the  square  of  the  transverse  is  to  the  square  of  the 
conjugate. 

Cor.  1.  The  oblate  spheroid  is  two-thirds  of  the  circum- 
scribing cylinder  ;  therefore  the  volume  of  the  oblate  spheroid 

,    '  2  «  /2  r 

is  equal  to . 

o 

Cor.  2.  The  corresponding  segments  of  the  spheroid  and 
inscribed  sphere  are  as  the  square  of  the  transverse  to  the 
square  of  the  conjugate. 

Cor.  3.  The  oblate  spheroid  is  to  the  circumsciibed 
sphere,  as  the  conjugate  to  the  transverse.  Because  their 
circumscribing  cylinders  are  in  the  ratio  of  the  conjugate  to 
the  transverse. 

Cor.  4.  If  about  the  two  axes  of  an  ellipse  there  be  gene- 
rated two  spheres,  and  two  splieroids,  the  four  solids  wdl  be 
continued  proportionals  ;  and  the  common  ratio  will  be  that 
of  the  two  axes  of  the  ellipse  ;  that  is,  as  the  sphere  upon  the 
greater  axis  is  to  the  oblate  spheroid,  so  is  the  oblate  sphe- 
roid to  the  prolate  spheroid,  and  as  the  oblate  spheroid  is  to 
the  prolate  spheroid,  so  is  the  prolate  spheroid  to  the  less 
sphere,  and  so  is  the  transverse  to  the  conjugate. 

Cor.  5.  The  oblate  spheroid  is  to  the  inscribed  sphere,  as 
the  circumscribed  sphere  to  the  prolate  spheroid. 

Cor.  6.  From  Cor.  4,  the  prolate  spheroid  is  a  mean  pro- 
portional between  the  oblate  spheroid  and  the  inscribed 
sphere. 
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Cor.  7.  And  also,  the  oblate  spheroid  is  a  mean  pro- 
portional between  the  prolate  spheroid  and  the  circumscribed 
sphere. 


OF  THE  PARABOLA. 


DEFIKITIONS. 


1.  If  in  an  indefinite  right  line  A  B,  any  two  points  A 
and  F  be  assumed,  and  from  the  centre  F,  with  a  radius 
equal  to  any  distance,  A  B,  a  circle  be  described  intersecting 
in  the  points,  N  N,  a  perpendicular  to  A  B,  drawn  through 
the  point  B,  and  an  infinite  number  of  such  points  be  found, 
the  curve  passing  through  them  will  be  that  of  a  parabola. 

2.  The  point  F  is  called  the  focus. 

3.  The  indefinite  line  A  B 
is  called  the  axis;  and  the 
point  V,  in  which  the  curve 
intersects  it,  is  called  the 
principal  vertex. 

4.  A  right  line  drawn  from 
any  point  in  the  curve  parallel 
to  the  axis,  is  called  a  diame- 
ter, as  N  K,  and  the  point  in 
the  curve,  from  which  it  is 
drawn,  is  called  its  vertex. 

5.  A  right  line  drawn  from 

the  curve  to  any  diameter,  parallel  to  a  tangent  at  its  vertex 
is  called  an  ordinate. 

6.  An  ordinate  which  passes  through  the  focus,  and  is 
produced  to  meet  the  curve,  is  called  the  parameter  of  its 
diameter. 
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7.  The  distance  between  the  vertex  of  any  diameter  and 
the  intersection  of  an  ordinate,  is  called  an  abscissa. 

8.  The  parameter  to  the  axis  A  B  is  called  the  latiis 
rectum. 

9.  A  line  drawn  at  right  angles  to  the  axis  at  A  is  called 
the  directrix. 


PROPOSITION  I. 

The  laius  rectum  P  P,  is  Jour  times  the  focal  distance  from 

the  vertex. 

It  is  evident  from  Definition  1,  that  the  vertex  V  bisects 
A  F;  that  is,  F  V  =  V  A;  and  from  the  same  Defini- 
tion, FA  =  FP.*.  2FV  =  FP;  therefore  P  P  =z  4 
F  V. 


PROPOSITION  II. 

The  sum  of  any  ahcissa  and  focal  distance  is  equal  to  the 
distance  of  the  focus  Jrom  the  extremity  of  the  ordinate  ; 
that  i5,  F  N  =  V  B  +  V  F. 

Because  FN=AB  =  VB  +  VA  =  VB  +  VF. 


PROPOSITION  III. 

Every  ordinate  to  the  axis  is  a  mean  proportional  Letu-cen  its 
abscissa  and  the  latus  rectum  ;  that  w,  4  V  F  X  B  V  r= 
B  N2. 
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F  Because  F  N^  _  F  B^  =  B  N^  =  (F  N  +  F  B)  X 
(F  N  —  F  B). 

Hence,  (F  N  —  F  B)  :  B  N  : :  B  N  :  (F  N  +  F  B).  But 
(Prop.  II.)  F  M  =  VB  +  VF;and  F  B  =  VFc/:VB; 
therefore,  F  N  —  F  B  =  2  V  B,  or  2  V  F;  and  also,  F  N 
+  F  B  =  2  V  F,  or  2  V  13.  Hence,  2  V  B  :  B  N  : :  B  N  : 
2  V  F,  and  then,  BN2=4.VFxVB. 

Cor.  I.  The  squares  of  the  ordinates  are  proportional  to 
their  abscissas;  since  4  V  F  is  a  constant  quantity. 

Cor.  2.  Hence  the  equation  of  the  curve  is  ^^  zz  p  x,  p, 
jc  and  y,  being  the  latus  rectum,  abscissa,  and  ordinate. 


PROPOSITION  IV. 

l^he  Intiis  rectum  [P]  is  to  the  sum  of  any  ixuo  ordiuales,  as 
their  difference  is  to  the  difference  of  the  abscissas. 

For  P  =  4.  P  F  [Prop.  I.]  ;  therefore,  P  x  V  B  =  B  N^ 
and  P  X  V  H  =  L  H2  [Prop.  III.];  hence,  P  x  B  H,  or 
P  X  M  N  IT  L  H2  _  B  N2  ;  therefore  P  ;  [L  H  +  B  N] 
: :  [L  H  —  B  N]  :  M  N    that  is,  P  :  L  M  : :  M  O  :  M  N 
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PROPOSITION  V. 

Any  abscissa  is  to  the  square  of  its  ordinate,  as  any  right 
line  drawn  within  the  curve  parallel  to  the  axis,  is  io  the 
rectangle  of  the  parts  of  the  double  ordinate,  which  it 
divides. 

For,  by  Proposition  IV.  P  X  M  N  =  L  M  x  M  O,  and 
P  X  V  B  =  B  N2  ;  hence,  V  B  :  B  N^  : :  M  N  :  L  M  x 
M  O. 

Cor.  The  difference  between  any  two  abscissas  is  directly 
proportional  to  the  rectangle  under  the  sum  and  diBbrence 
of  their  corresponding  ordinates. 


PROPOSITION  VI. 

If  from  the  vertex  a  right  line  be  drawn  through  the  extre^ 
vnly  of  an  ordinate.,  so  as  to  meet  another  ordinate  pro- 
duced, that  other  ordinate  will  be  a  mean  proportiojtal 
between  itself  produced  and  the  first  ordinate ;  that  is, 
H02  =  H  C  X  BN. 

For,  by  similar  triangles,  VB:VH::BN:HC:: 
B  N^  :  H  0'2  (Prop.  111.  Cor.  1)  ;  therefore,  II  O^  =  H  C 
X  BN. 

Cor.  The  abscissa  of  the  produced  ordinate  is  to  the  pro- 
duced ordinate,  as  the  other  ordinate  to  the  parameter,  or 
latus  rectum.  Because  H  O^  =  P  x  V  II  =:  H  C  X 
B  N;  therefore,  V  H  :  II  C  ::  B  N  :  P. 


PROPOSITION  VII. 

If  through  the  extremities  of  any  two  ordinates,  a  right  line 
be  drawn  so  as  to  cut  the  axis  ;  the  external  part  of  the 
axis  will  be  a  mean  proportional  between  the  absciss^is ; 
that  isy  T  V2  1=  V  H  X  V  B. 

2  B 
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T  H2  : :  B  C2  :  H  D2 ;  but 


By  similar  triangles  T  B^ 
B  C^  :  H  D2  ::  V  B  :  V  H  (Prop.  III.  Cor.);  therefore, 
TV'2+2TVxVB  +  VB2:TV2+2TVxVH 
+  V  H2  ::  V  B  ;  V  H  (4,  II.)  ;  but  by  division,  T  V^  x 


2TVxVB+VB2:2TVxVH  +  VH2_2TV 
X  V  B  —  V  B2  : :  V  B  :  V  H  —  V  B,  and  by  dividing  the 
second  and  fourth  terras  by  V  H  —  V  B,  we  get  ^^g! 

TV2+2TVxVB  +  VB2  :2TV  +  VB  +  VH 
::  V  B  :  1  ;  therefore,  TV2  +  2TVxVB  +  VB2=r 
2TVxVB  +  VB2+VBxVH;  hence,  T  V^  = 
V  B  X  V  H. 

Cor.  ].    Since  V  B  =  —^,  and  V  H  =:  i-^-  (Prop. 

B  C'2        H  D^ 
III.);   therefore,  V  B  X  V  H  = -^j->  X      p     ;  hence, 

^  ,,„       B  C2  X  H  D2      ,         ^  ^^       B  C  X  H  D      , 
T  V2=    p-5 ;  then,  T  V  = ^ ;  that 

is,  as  the  parameter  is  to  one  of  the  ordinates,  so  is  the  other 
ordinate  to  the  external  part  of  the  axis. 
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Cor.  2.  When  D  and  C  coincide,  then  T  D  will  be  a 
tangent,  as  T  M,  and  the  abscissas  will  be  equal  to  each 
other,  and  to  V  N  ;  therefore,  asTV2=VBxVH  = 

V  N2   (for   H  and   B  will  coincide  at  M):  hence,  T  V  = 

V  N^  ;  that  is,  the  abscissa  will  be  equal  to  the  external  part 
of  the  axis. 

Definition.  If  from  the  point  of  contact  M,  M  R  be  drawn 
at  ri<'ht  ancles  to  T  M,  N  R  is  called  the  sub-normal. 

Cor.  3.  The  sub-normal  is  equal  to  half  the  parameter. 

N  M2 
Because,  (8,  VI.)  N  R  =  ^VN  =  *  ^'  ^^'"P*  "^'^ 

Cor.  4.  The  focus  is  equi-distant  from  the  point  of  contact 
and  the  intersection  of  the  tangent  with  the  axis. 

Because,  F  M  =  V  F  +  V  N  =  T  F.     See  next  figure. 

Cor.  5.  The  focus  is  equi-distant  from  the  extremity  of 
the  sub-normal  and  the  point  of  contact. 

Because,  N  R  =  2  F  V  ;  therefore,  FR  =  2FV-1-FN 
=  FV-t-VN=TF  =  FM. 

Cor.  6.  And  hence,  the  focus  ia  the  centre  of  a  circle 
which  will  pass  through  T,  M,  R. 

Cor.  7.  If  from  the  point  of  contact  two  lines  be  drawn, 
the  one  to  the  focus,  and  the  other  parallel  to  the  axis,  these 
lines  will  make  equal  angles  with  the  tangent. 

For,  F  M  =  F  T  (Cor.  4),  the  angles  F  M  T  and  F  T  M 
are  equal;  but  the  angles  O  M  P  and  F  T  M  are  equal; 
therefore,  O  M  P  =  F  M  T. 

Cor.  8.  A  perpendicular  from  the  end  of  the  sub-normal 
to  a  line  drawn  from  the  point  of  contact  to  the  focus,  will 
cut  off  from  that  line  a  part  equal  to  half  the  parameter. 

Because  the  triangles  R  C  F  and  N  M  F  are  similar,  and 
have  the  equal  sides  F  R  and  F  M ;  therefore,  F  C  =  N  F, 
and  consequently,  MC=RN  =  ^P  (Cor.  3). 

Cor.  9.  A  tangent  at  the  vertex  produced  to  meet  any 
other  tangent,  is  a  mean  proportional  between  half  tli«  para- 
meter and  half  the  abscissa. 
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For,  by  similar  triangles  V  B  is  half  of  M  N,  V  N  being 
equal  to  T  V.  But  }  M  N^  =  i  V  N  x  i  P ;  therefore, 
V  B2  =  i  V  N  X  ip,  (Prop.  IIL)  '^ 

^'Cor.  10.  Hence,  the  perpendicular  V  B  is  a  mean  propor- 
tional between  the  abscissa  and  ^  the  parameter. 

V  B2  =  i  V  N  X  i  P  =  i  P  X  V  N. 

VB2=iVNx|P  =  iPxVN. 

Cor.  11.  Consequently,  if  the  points  F  and  B  be  joined, 
F  B--  will  be  at  right  angles  to  the  tangent,  on  account  of 
the  similarity  of  the  triangles  T  V  B  and  T  F  B.  Hence, 
it  appears  that  a  perpendicular  from  the  focus  to  the 
tangent,  and  the  tangent  at  the  vertex  will  meet  at  the  same 
point  of  the  tangent,  B. 

Cor.  12.  A  perpendicular,  from  the  focus  to  the  tangent, 
is  a  mean  proportional  between  the  distance  of  the  focus 
from  the  point  of  contact,  and  the  focal  distance. 

Because,  BF^  =  FTxTV  (similar  triangles)  ;  but 
F  T  =  F  M  (Cor.  4.)  ;  therefore,  F  B^  r=  F  M  X  F  V. 

Cor.  13.  If  any  ordinate  be  produced  to  meet  the  focal 
tangent,  the  ordinate  so  produced  will  be  equal  to  the  dis- 
tance of  the  focus  from  the  point  in  which  the  ordinate  in- 
tersects the  curve. 


*  F  B  may  be  dra^^ii  mth  a  pen. 
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Because,   MF  =  VN  +  VF  =  VN  +  VT=NT 
=  N  B  (Cor.  4,  and  similar  triangles). 

PROPOSITION  VIII. 

If  an  ordinate  be  produced  to  meet  the  tangent,  then,  as  the 
double  ordinate  passing  through  the  point  of  contact  is  to 
the  stun  of  the  two  ordinates,  so  is  their  difference  to  the 
difference  added  to  the  external  part  of  the  ordinate  pro- 
duced, that  /.v,  2  P  o  :  B  N  : :  I  N  :  N  L. 


P  o  ::  ON  :  NL  ; 


Because,  by  similar  triangles  T  P 
but  T  P  :  P  b  ::  2  P  O  :  P  (Prop. 
VII.  Cors.  1,  2)  ;  and  B  N  :  O  N  : : 
P  :  I  N  (Prop.  IV.) ;    therefore   Ex. 

Equo.  2PO:P::ON:NL; 

and    then,     Ex.    Equo,     perturbate, 
2P0:BN::IN:NL. 

Cor.  1.  The  difference  between 
the  ordinates  is  a  mean  proportional 
between  double  the  less  and  the  ex- 
ternal part  of  the  lower  ordinate. 
For,  dividing  the  terms  of  the  pro- 
portion, we  get  "2  P  O  :  B  N  — 
2  PO  ::  I  N  :  N  L  — I  N;  that  is, 
2  P  o  :  I  N  : :  I  N  :  L  I. 


Cor.  2.  By  this  means,  a  tangent  may  be  drawn  from  any 
given  point  L,  in  the  ordinate  produced.     Because  2  O  P  = 


so 
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2  N  I  :  N  I  : :  N  I  :  L  I ; 


I>JL=-v/(BLxLl)  irom  which  it  appears  thj 
point  L  be  given,  the  points  N  and  O  may  be  found. 

Cor.  3.  By  composition,  the  Proposition  becomes  2  P  O 
+  IN:IN::BN  +  NL:NL;  that  is,  B  N  :  I  N  : : 
B  L  :  N  L. 

From  the  generation  of  the  curve  and  Prop.  II.  it  appears 
that  tvp^o  right  lines  drawn  from  any  point  in  the  curve,  the 
one  to  the  focus,  and  the  other  perpendicular  to  the  directrix, 
will  be  always  equal ;  hence,  the  following  construction. 


PROPOSITION  IX. 

PROBLEM. 

To  conslnict  a  parabola  hrj  motion. 

Provide  a  ruler,  such  as  B  C,  and  fix  it  on  the  plane  on 
which  the  parabola  is  to  be  described  ;  to  the  directrix  B  C 
apply  a  square  O  D  G,  similar  to  what  is  commonly  called 
a  carpenter's  square,  in  such  a  manner  that  one  of  its  sides 
D  G  may  lie  close  to  B  C ;  attach  one  end  of  a  thread, 
F  M  O,  equal  in  length  to  O  D,  to  the  end  of  the  ruler  at 
O,  the  other  end  of  the  thread  O  M  F,  being  fixed  at  F; 


then,  slide  the  side  of  the  square  D  G  along  the  ruler  B  C, 
keeping  the  thread  stretched  by  means  of  a  pin  M,  with  its 
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part  M  O  close  to  the  side  of  the  square  D  O  ;  and  the 
curve  A  M  X,  described  by  the  motion  of  the  pin,  will  be 
one  part  of  a  parabola. 

If  the  square  be  turned  over,  as  represented  in  the  figure, 
and  moved  on  tlie  other  side  of  the  fixed  point  F,  the  other 
part,  A  M  Z,  of  the  parabola  will  be  described  by  the 
pin  M. 

Here  O  M  +  M  F  =  O  D,  and  taking  away  the  common 
part  O  M,  the  remainders  M  D  and  M  F  will  always  remain 
equal,  which  is  the  property  of  the  curve. 


OF  THE  HYPERBOLA. 

DEFINITIONS. 

1.  If  in  the  line  B  A  produced  both  ways,  there  be  as- 
sumed two  points,  F  and/,  equi-distant  from  B  A;  and  if, 
from  the  cenires,  F  and/,  with  the  radii  B  I  and  A  I  (I  being 
assumed  beyond  A),  arcs  be  described,  so  as  to  intersect 
each  other  in  M,  and  an  infinite  number  of  such  points  be 
found,  the  curve  passing  through  these  points  is  called  a 
hyperbola. 

2.  The  points  F  and /are  called  the  foci. 

3.  The  line  B  A  is  called  the  transverse  or  greater  axis. 

4.  The  point  C  in  the  middle  of  B  A  is  the  centre. 

5.  Tlie  line  D  G,  passing  through  the  centre,  perpen- 
dicular to  the  axis,  and  of  such  a  length  that  A  D  and  A  G 
may  be  each  equal  to  C  F,  is  called  the  conjugate  or  less 
.axis. 

G.  Any  line  passing  through  the  centre,  and  terminated 
both  ways  by  the  curves,  is  called  a  diameter. 

7.  A.  right  line  drawn  from  the  curve  to  a  diameter  pro- 
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duced  and  parallel  to  the  tangent  as  its  vertex,  is  called  an 
ordinate. 

8.  The  part  of  the  axis,  or  of  any  diameter  produced, 
which  is  intercepted  between  the  vertex  of  that  diameter 
and  the  ordinate,  is  called  an  abscissa. 

9.  The  double  ordinate  P  P,  to  the  transverse  axis,  passing 
through  the  focus,  is  called  the  latus  rectum. 
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PROPOSITION  I. 

The  difference  of  right  lines  drawn  from   any  ■point  in  the 
curve  to  the  foci,  is  equal  to  the  transverse  axis,  and  there' 
fore  ahoays  equal. 

For, /"M  =  B  I,  and 

FM  =  AI;  therefore,/M_FM  =  BI  — AI=  B  A 

Cor.  1,  Hence,  it  appears  that  the  curve  must  pass  through 
B  and  A. 

For,  F  B  — /  B  =  /  A  —  F  A  =  B  A. 

Cor.  2.  By  the  definition   B  A  is  bisected  in  C,  and  B  / 
:z:  A  F;  therefore,  tlie  focal  distance  is  bisected  in  C. 


PKOPOSITION  II. 

Half  the  conjugate  axis  is  a  mean  proportional  between  the 
distance  of  the  focus  from  the  extremities  of  the  transverse 
axis. 

For,  B  G2  _  B  C2  zz  (C  G2)  r=  /  C2  —  B  C2  ==  /B2 
+  B  C2  +  2/B  X  B  C  —  BC2  =fB^  +  2/B  X  B  C 
=  (F  B  +  2  B  C)  X  /  B  =:  F  A  X  /  B ;  that  ij,  C  G^ 
—  /A  X/B — See  the'htst  figure. 


PROPOSITION  III. 

J/the  conjugate  axis  he  applied  to  the  vertex  of  the  transverse 
axis,  the  centre  of  the   hyperbola  will  be  the  centre  of  a 
circle  which  will  pass  through  the  foci  and  the  extremity  of 
the  conjugate. 

For,  by  the  construction,  C  N  =:  (B  D)  C  F  =  C/;  there- 
fore, if  from  the  centre  C,  with  tlio  radius  C  F,  a  circle  be 

2  b 
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described,    it   will   pass   through    N   and  /. — See   the   last 
figure. 

Cor.  Therefore,  the  distance  of  either  focus  from  the  ex- 
tremity of  the  conjugate  so  applied,  is  a  mean  proportional 
between  the  distance  of  the  ibci,  and  the  distance  of  that 
focus  from  the  vertex  to  which  the  conjugate  is  apphed. 
For,  as  a  circle,  with  the  centre  C,  passes  through  F,  N,  /, 
the  angle  F  N/is  right;  therefore,/  N^  =  F/  X/B,  and 
F  N2  =  F/  X  F  A  (8.  IV.). 

PROPOSITION  IV. 

The  latus  rectum  is  a  third  proportional  to  the  transverse  and 
conjugate  diameters, — See  lastjigure. 

For,  P  F2  +  F  /2  =z  P  /-s*  ;  but  F  /  =  A  B  +  2  B  F, 
and  F  f  r=  A  B  +  P  F.  Then,  P/^-aB^  +  ABx 
2  P  F  +  P  F2,  and  P  /"^  =  P  F^2  _|_  y-  p^ ;  therefore,  A  B  x 
2PF  =  /-F2— AB2  -4.  F  C2_4BC2  =  4BD2_ 
4  B  C2  '=  4  C  D^  =  D  G2  ;  that  is,  A  B  x  2  P  F  = 
D  G2,  .-.  A  B  :  D  G  : :  D  G  :  (2  P  F)  P  P. 

Cor.  The  distance  between  the  foci  is  a  mean  propor- 
tional between  the  transverse,  and  the  sum  of  the  transverse 
and  latus  rectum. 

For,  F/2  =  P/2— PF2zz(AB  +  2PF)xAB; 
therefore,  A^B  :  F/  : :  F/  :  (A  B  +  2  P  F). 


PROPOSITION  V. 

As  the  square  of  half  the  transverse  is  to  the  rectangle  oJ"the 

Jocal  distances  from  the  vertices,  so  is  the  rectangle  of  the 

abscissa  and  sum  of  the   transverse  and  abscissa  to  the 

square  of  the  ordinate  ;  that   ?'■?,  A  C^  :  A  F  X  F  B  * ' 

A  K  X  B  K  :  m  K2. 


i*  1'/,  which  is  not  in  the  figure,  may  be  conceived  to  be  drawn. 
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It  is  a  well-known  property,  that  the  base  of  a  triangle 
•is  to  the  sum  of  the  sides,  as  the  ditterence  of  the  sides  is  to 
the  sura  or  difference  of  the  segments  of  the  base  made  by 
a  perpendicular  on  it,  from  the  vertical  angle,  according 
as  the  perpendicular  falls  outside  or  inside  the  triangle. 
Alternating  this  proportion,  and  dividing  by  2,  we  have  A  C  : 

F  C  : :  C  K  :  -^       ^  =  /  M  —  A  C  ;  which  being 

squared  and  divided,  will  be  A  C^  :  F  C^  _  A  C^^  :: 
CK^i/M^—oz-MxAC  +  AC^  —  C  K^;  which, 
being  inverted  and  divided,  will  be  A  C^  :  F  C^  —  A  C^ 
: :  C  K-2  _  A  C2  :  /  M2  _  2  /  M  X  A  C  +  2  A  C2  _ 
C  K2  _  F  C2.  But  F  C2  _  A  C2  z=  A  F  X  F  B ;  C  K2 
—  A  C2  =  A  K  X  K  B ;  and  2/  M  X  A  C  —  2  A  C2  = 
2  F  C  X  C  K  (by  the  first  analogy),  /.  /  M^  —2f  M  X 
A  C  +  2  A  C2  -_  C  K2  _  F  C2  =  /  M2  _  /■  K2  = 
M  K2  ;  hence,  AC^  :AFxFB::AKxKB: 
M  K2. 


Cor.  The  square  of  half  the  transverse  is  to  the  square  of 
lialf  tile  conjugate,  as  the  rectangle  of  the  abscissa,  cind  the 
sum  of  the  abscissa  and  the  transversa  to  the  square  ol  the 
ordinate. 

For  C  D2  =  A  F  X  F  B. 

Cor.  2.   D  G2  =  A  B  X  P. 
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Cor.  3.  Hence,  the  squares  of  the  ordinates  are  propor- 
tional to  the  rectangles  of  the  abscissa  by  the  sum  of  the 
abscissa  and  transverse. 

Cor.  4.  The  square  of  half  the  conjugate  is  to  the  square 
of  half  the  transverse,  as  the  sum  of  the  squares  of  half  the 
conjugate  and  the  distance  of  the  ordinate  from  the  centre 
to  the  square  of  the  ordinate  of  the  conjugate. 


By  Cor.   1,  A  C^  :  C  D^  : :  C  K^  _ 

hence,  by  inversion  and  composition,  C  D^ 
+  C  D2  :  C  K^  or  M  k'\ 


A  C2 

:  AC2 


M  K2. 
:  MK2 


Cor.  5.  As  the  parameter  or  latus  rectum  is  to  the  trans- 
verse, so  is  the  sum  of  the  squares  of  lialf  the  conjugate  and 
the  distance  of  the  ordinate  from  the  centre  to  the  square  of 
the  ordinate  of  the  conjugate. 

Cor.  6.  Therefore,  these  squares  are  as  the  squares  of 
the  ordinates  of  the  conjugate. 

Cor.  7.  As  C  D2  :=  A  F  X  F  B ;  then,  A  F  x  F  B  : 
A  C2  ::  C  D^  -1-  M  K'2  :  M  k^. 


/M 


Cor.  8.  And  as  A  C^  =  F  C-2  —  C  D-2  ;  then,  A  K  x 
K  B  :  C  F2  _  C  D2  : :  M  K2  :  c  D^. 
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Cor.  9.  Also,  as  A  B^  =^^;  then  G   D^    :   P^  :: 
A  K  X  K  B  :  M  K-2  ::  M  k^  :  M  K^  +  C  D^. 


PROPOSITION  VI. 

J/  through  the  extremities  of  any  two  ordinates,  a  right  line 
be  drawn  so  as  to  meet  the  axis  ;  then  as  the  square  of  the 
distance  oj  one  of  the  ordinates  from  the  point  of  intersec- 
tion is  to  the  rectangle  of  the  abscissa,  by  the  abscissa  and 
transverse,  so  is  the  sum  of  the  distances  of  both  ordinates 
from  the  point  of  intersection,  to  the  sum  of  their  distances 
from  the  centre  ;  that  w,  T  Q'2  :  A  Q  X  Q  B  : :  T  Q  + 
T  L  :  C  Q  +  C  L. 

For,  by  similar  triangles,  and  Proposition  V.,  T  Q^  : 
AQxQB::TL2:ALxLB;  therefore,  by  division, 
T  Q-2  :  A  Q  X  Q  B  : :  (T  L'2  _  T  Q2  .  A  L  X  L  B  — 
AQ  X  QB::)CL2_  CQ2  —  2TC  xCL  +  2TC 
X  C  Q  ;  C  L'2  —  C  Q-,  and  by  dividing  the  two  last  terms 
by  C  I.  —  C  Q,  we  shall  have  t  Q^  :  A  Q  x  Q  B  : :  (C  L 
+  C  Q—  2  C  T  :  C  L  +  C  Q  ::)  T  L  +  T  Q  :  C  L  + 
CQ. 

Cor.  If  P  and  ^T  coincide,  then,  A  Q  and  A  L  will  be- 
come equal  to  A  N,  and  the  line  T  M  will  be  a  tangent,  as 
T  O  ;  therefore,  TN'^iAN  X  NB::2TN:2CN; 
hence,  by  dividing  the  two  last  by  2,  and  the  first  and  third 
by  T  N,  we  sliall  get  C  N  :  B  N  : :  A  N  :  T  N  ;  which  is 
the  property  of  the  tangent. 

Cor.  2.  Bv  dividing  the  last  analogy,  we  shall  get  C  N  • 
B  N  —  C  N  : :    A  N  :  T  N  —  A   N  ;  that  is,  C  N  :  A  C 

: :  A  N  :  A  T. 

Cor.  3.  From  the  first,  we  get  C  N  :  C  N  —  AN  •  * 
B  N  :  B  N  —  T  N  ;  that  is,  C  N  :  A  C  : :  B  N  :  B  T. 
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Cor.  4.  Therefore,  A  N  :  A  T  ::  B  N  :  B  T  (Cors.  2,  3). 

Cor.  5.  From  the  third,  we  get  C  N  :  A  C  : :  C  N  — 
A  Nj :  A  C  —  A  T ;  that  is,  C  N  :  A  C  : :  A  C  :  C  T. 

Cor.  6.  From  the  last  analogy,  we  get  C   T  •  C  A  :: 
CT  +  CA:CA  +  CN;  that  is,  C  T  :  C  A  : :  B  T  : 

B  N. 


Cor.  7.  From  the  5th  Cor.  we  get  C  T  :  C  A  ; :  (A  C  ^ 
C  T  :  C  N  — AC  ::)  AT  :  AN. 

Cor.  8.  From  the  6th  Cor.  we  get  C  T  :  B  T  : :  A  C  — 
C  T  :  B  N  —  B  T ;  that  is,  C  T  :  B  T  : :  A  T  :  N  T. 

Cor.  9.  By  comparing  the  6th  and  8th  Cors.  we  get  A  C 

:  B  N  : :  A  T  :  N  T. 

Cor.  10.    Bv  comparing  the  7th  and  8th  Cors.  we  get 
AC  :  AN::BT  :  NT. 
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Cor.  11.  If  the  point  N  be  at  an  infinite  distance,  then 
A  C  will  be  equal  to  A  T,  and  therefore,  the  tangent  passes 
through  the  centre. 

Cor.  12.  If  perpendiculars  to  the  extremities  of  the  trans- 
verse and  semi-conjugate  be  produced  to  meet  the  tangent 
produced,  then,  A  1  :  O  N  ::  C  R  :  B  K  (Cor.  8,  and 
similar  triangles). 

Cor.  13.  Bv  similar  triangles,  T  B  :  T  N  ::  B  K  :  N  O ; 
therefore,  by  Cor.  10,  A  C  :  A  N  : :  B  K  :  N  O. 

Cor.  14.  By  similar  triangles,  A  T  :  T  N  : :  I  A  :  N  O; 
therefore,  by  Cor.  9,  A  C  :  B  N  : :  A  I  :  N  O. 

Cor.  15.  By  Ex.  Equo.  perturbate,  A  N  :  B  N  : :  A  I  : 
BK. 

Cor.  16.  By    compounding  the  proportions  in    the   13th 
and  1  tth  Cors.,  A  C^  ;  A  N  X  N  B  : :  A  I  x  B  K  :  N  O^ 
••  (Prop.  V.  Cor.  1)  C  D2  :  N  02  ;  therefore,  C  D^  =  I  A 
xBK  =  AFxFB. 

Cor.  17.  When  the  tangent  passes  through  the  centre, 
then  will  A  I  and  B  K  be  equal ;  and  therefore,  C  D  =  A  I 
=  B  K  (Cor.  16). 

Cor.  18.  Therefore,  if  half  the  conjugate  be  applied  to 
the  vertex  of  the  transverse  diameter,  a  tangent  at  an  infinite 
distance  will  pass  through  the  centre  and  the  extremity  of 
the  conjugate. 

Cor.  19.  Therefore,  if  a  right  line  be  thus  drawn,  it  will 
continually  approach  the  curve,  but  will  never  meet  it ;  being 
a  tangent  at  an  infinite  distance. 

Besides  the  method  given  at  the  beginning  of  this  chapter 
to  construct  a  hyperbola  by  means  of  points,  the  follo\^  ing 
may  be  found  useful  in  practice  : — 

Fasten  one  end  of  a  long  ruler  /  P  Q  at  the  point  /,  by 
means  of  a  pin  on  a  plane,  so  as  to  turn  freely  about  /  as  a 
centre.  Then  fasten  the  end  of  a  thread  F  P  Q,  shorter 
than  the  ruler,  at  the  point  F,  and  the  other  end  of  the 
thread  at  the  end  Q  of  the  ruler. 
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Then,  (urn  the  ruler/  P  Q  about  the  fixed  point  /,  at  the 
same  time,  keeping  the  thread  tight,  and  its  part  P  Q  close 
to  the  side  of  the  ruler,  by  means  of  the  pin  P;  the  curve 
line  A  x  described  by  the  pin  P,  is  one  part  of  an  hyperbola. 

If  the  ruler  be  turned,  and  moved  on  the  otlier  side  of  F, 
the  other  part  A  ;y  of  the  same  hyperbola  will  be  described. 

If  one  end  of  a  thread  be  fixed  to  the  end  Q  of  the  ruler, 
while  the  other  end  of  the  ruler  is  fixed  at  F,  the  hyperbola 
X  a  ?/  is  described. 


AEITHMETIC   OF  INFINITES. 

To  find  the  superficial  or  solid  content  of  any  figure,  the 
pupil  is  requested  to  attend  to  the  following  preparatory 
f'ropositions,  showing  how  to  find  the  sum  of  certain  pro* 
gressional  series. 
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PROPOSITION  I. 

In  any  series  of'  equal  yiumhers,  as  1,  1,  1,  S^c,  2,  2,  2,  ^-c, 
3,  'i,  3,  ^c,  the  sum  xuill  be  equal  to  one  of  the  terms 
multiplied  hi/  the  number  of  terms  ;  that  is,  S  :=  n  a,  a, 
being  one  of'  the  terms,  and  n,  the  number  of  terms. 


PROPOSITION  II. 

In  a  series  of  numbers  in  arithmetical  progression,  beginning 
with  a  cypher,  ihe  common  difference  being  1,  the  sum  will 
be  equal  to  half  the  product  of  ihe  greater,  and  number 
of  terins  ;  that  is,  putting  g  ■=  the  greatest  term  n  = 
the  number  of  terms,  and  S  z=.  the  sum  of  the  series : 
S  =  \ng. 

0+1+2  +  3  +  4;  then,  S  =  4x5-^2  =  10. 
For  the  reason  of  this,  see  Arithmetic. 


"i 


PROPOSITION  III. 

In  a  series  oj"  squares,  "whose  sides  or  roots  form  an  arith- 
metical progression,  differing  by  I,  and  commencing  tvilh 
a  cypher  ;  the  sum  of  such  a  series  is  equal  i  of  the  greatest 
term  multiplied  by  the  mimber  of  terms  ;  when  the  series  is 
infinitely  continued  ;  that  is,  S  =:  ^  g'^  n. 

1.  Thus,  0  +  1  +  4  =  5.    But  4  X  3  =  1 2  ;  then,  -1  =\  +  ^,. 

2.  0  +  1  +  4  +  9  =  1 4.    But  9x4  =  3() ;  then,  '^  =  1  +  -^V 

3.  0  +  1  +  4  +  9  +  16  =  30.     But  16  X  5  =  80 ;  then,  fg 

In  the  first  series,  where  the  number  of  terms  is  3,   the 
sum  exceeds  ]  of  the  greatest  term  multipHed  by  the  number 
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of  terms,  by  -^^ ;  in  the  second  series,  where  the  number  of 
terms  is  four,  the  sum  exceeds  -|  of  the  greatest  term  multi- 
plied by  the  number  of  terms,  by  -J^ ;  in  the  third  series  the 
excess  of  the  sum  above  ^  of  the  greatest  term  multiplied  by 
the  number  of  terms,  is  -^-^  ;  from  which  it  appears,  that  the 
excess  of  the  sum  of  the  series  above  i  of  the  product  of  the 
greatest  and  number  of  terms,  is  continually  diminishing, 
according  as  the  number  of  terms  increases ;  therefore,  when 
the  number  of  terms  is  infinite,  the  excess  of  the  sum  of  the 
series  above  ^  of  the  product  of  the  greatest  number  of  terms, 
must  necessarily  be  infinitely  small,  and  consequently  less  than 
any  assignable  quantity ;  which  excess  may  then  be  considered 
as  nothing ;  hence,  the  sum  of  the  series,  when  the  number 
of  terms  is  infinite,  is  equal  to  ^  of  the  product  of  the  greatest 
term  and  number  of  terms. 


PROPOSITION  IV. 

1)1  a  series  of  cubes,  "whose  roots  form  an  arithmetical  pro- 
gression, beginning  with  a  cypher,  the  common  difference 
being  ],  and  the  number  of  terms  infinite,  the  sum  will  be 
equal  to  \  of  the  product  of  the  greatest  term,  multiplied 
bij  the  number  oj terms  ;   that  is,  '$>■=.  \  g"^  n. 

1.  Thus,  0  +  1  +  8  +  27  =  36.  But  27  x  4  =  108  ; 
then,  "Y^  ^=  4-  +  y^' 

2.  0  +  1  +  8  +  27  +  64  =  100.     But  64  X  5  =  320 ; 

3.  0  +  I  +  8  +  27  +  64  +  125  =  225.     But  125  x  6 

=  750;  then,  f-f^  =  J;  +  3L. 

In  the  first  series,  the  excess  of  the  simi  above  \  of  the 
greatest  term  and  number  of  terms  multiplied  together,  is  ^-^  ; 
in  the  second  series,  the  excess  is  only  -^  ;  and  in  the  third, 
only  -^ ;  therefore,  it  is  obvious  that  when  the  number  of 
terms  is  infinitely  great,  the  excess  must  necessarily  be  in- 
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finitely  small,  and  therefore  less  than  any  assignable  quantity, 
which  excess  therefore  may  be  considered  as  nothing.  Hence, 
the  truth  of  the  proposition. 


PROPOSITION  V. 

In  a  series  of  biquadrntes,  whose  roots  form  an  arithmetical 
progression,  beginning  with  a  cypher,  the  common  differ- 
ence being  1,  and  the  number  of  terms  injinite,  the  sum  of 
such  a  series  will  be  equal  to  \  of  the  product  of  the  greatest 
term  and  number  of  terms  multiplied  together ;  that  is, 
S  =  ig^  n. 

The  truth  of  this  Proposition  may  be  proved,  as  in  the 
foreg-oing  Propositions,  by  showing  that  the  excess  of  the 
sum  of  the  series  above  the  result  of  the  greatest  term  and 
number  of  terms  multiplied  together,  vanishes,  when  the 
number  of  terms  becomes  infinite. 


PROPOSITION  VI. 

In  any  two  ranks  of  proportionals,  having  the  same  number 
of  terms,  whether  finite  or  infinite,  the  first  term  of  one 
series  is  to  the  first  term  of  the  other,  as  the  sum  of  all  the 
terms  (f  the  first  series  to  the  sum  of  all  the  terms  of  the 
other.     For  the  truth  (f  this,  see  Arithmetic. 

To  apply  the  preceding  Proposition  to  geometrical  quan- 
tities, it  will  be  necessary  to  suppose  a  line  to  consist,  or  to 
be  composed  of  an  infinite  number  of  points  :  a  surface  of 
an  infinite  series  of  lines,  either  curved  or  straight:  a  solid  of 
an  infinite  series  of  planes  or  superfices. 


PROPOSITION  VII. 

The  area  of  a  parabola  is  equal  to  |  of  its  circumscribed 
parallelogram. 
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S   F  911  d 


Draw  B  d  parallel  to  A  S, 
and  S  d  parallel  to  A  B,  con- 
ceive S  dto  be  divided  into  an 
infinite  number  of  equal  parts 
in  the  points  f,  g,  h,  &c., 
through  which  conceive  a  se- 
ries of  parallels  to  be  drawn, 
such  as  J'  m,  g  n,  h  F,  <S:c., 
meeting  the  semi-ordinates 
a  m,  e  n,  y  P,  &c.,  in  the 
curve,  at  the  points  m,  n,  P, 
&c. 


Then,  from  the  property  of  the  curve,  (Prop.  III.  Cor.  1.) 
we  have  the  following-  analogies,  viz. : — 


S  A  :  A  B2 
S  A  :  A  B2 
S  A  :  A  B2 


S  a 
Sc 


a  m' 

e  n^ 


:  S  3/  '.  y  p"^,  &c. 


But  S  a  —fm,  '^  e  =  gn,  Sj/  =  /jP,  SA  =  £^B;  there- 
fore, by  inversion,  we  have 


A  B2  :  rf  B 
A  B2  :  d  B 
A  B2  :  «?  B 


y 


P2  :  7i  P 

\  gn 


e  ri' 


a  m^  :y"w?,  &c. 


In  these  proportions,  a  m"^,  e  n'^,  y  P'^,  &c.,  are  a  series  of 
squares,  whose  roots  S  f,  S  ^,  S  h,'  &c.,  are  in  arithmetical 
progression,  beginning  with  0  at  S,  the  common  difference 
being  1,  and  number  of  terms  infinite;  and  as  the  lines 
fm,  g  n,  h  P,  &c.,  are  as  these  squares  having  B  d  the 
greatest  term,   S  d,    the    number   of  terms ;   then   the   sum 

^          Bd   X  Sd 
of  all  the  lines,  by   Prop.  III.  will  be   S    = ; 

S  A  X  A  B 

but  S  A  X  A  B  =  B  (Z  X  S  6?;  therefore,    ^ =  (S) 

the  sum  of  all  the  lines/  m,  g  n,  h  P,  &c.,  which  constitute 
the  space  S  rf  B  S,  outside  the  serai-parabola.     But  the  area 
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of  the  parallelogram  ASc?BisSA  x  AB;  therefore,  S  A 
XAB  —  -lSAxAB=  f  SAxABis  the  area  of 
the  semi-jiarabola  A  S  P  B ;  therefore  the  area  of  the  whole 
parabola  will  be  equal  to  f  S  A  x  b  B  ;  but  S  A  X  i  B  is 

the  area  of  the  circumscribed  parallelogram ;  hence,  the  area 
of  the  parabola  is  f  of  its  circumscribed  parallelogram. 

To  prove  that  the  parabola  is  |  of  the  circumscribed 
parallelogiam  by  another  method,  take  any  point  P  in  the 
curve  infinitely  near  B  (conceive  B  F  to  be  drawn).  Now, 
from  the  nature  of  the  parabola,  the  angle  P  B  D  zz  angle 
P  B  F,  also  B  D  r=  B  F,  and  P  B  common;  therefore, 
(IV.  1,)  the  triangles  P  B  F  and  P  B  D  are  equal.  Again, 
L  P  Q  and  F  P  Q  are  equal  ;  and  consequently,  their  sup- 
plements are  equal,  viz.,  L  P  B  rr:  F  P  \l,  and  L  P  =  P  F, 
by  the  property  of  the  parabola,  and  P  B  common  ;  there- 
fore the  triangles   L  P  B  and  F  P  B  are   equal;  hence,   the 


ft    ;?;  ^ 


triangles  DPP  and  L  P  B  are  equal ;  but  the  triangle 
L  P  B  =:  triangle  D  L  P  ;  therefore,  the  triangle  D  L  P  = 
D  P  B  ;  hence,  the  space  D  L  P  B  is  twice  the  triangle 
B  L  P,  and  therefore,  the  space  D  L  P  B  =  twice  the  tri- 
angle B  P  F.  In  like  manner  it  may  be  shown  that  the 
space  D  R  A  Q  P  B  is  twice  the  space  B  P  Q  A  F  B. 

Make  li  H  r=  F  W,  then  the  parallelogram  G  R  rr  twice 
the  triangle  B  F  W  ;  therefore,  the  space  B  A  H  G  is  double 
of  A  P  B  W  A,  and  consequently,  the  parallelogram  W  G 
is  three  times  the  space  W  A  13,  that  is,  the  space  A  B  W 


46 


APPENDIX  TO  MENSURATION. 


is  -1-  of  the  parallelogram  W  G.  But  G  R  =  W  S  and'S  A 
=  A  D  .-.  G  W  =  2  W  N.  Now,  as  the  space  A  B  W  is 
^  G  W,  it  is  I  W  N.  Hence,  the  parabola  B  A  C  is  §  of  the 
parallelogram  C  N. 

To  prove  what  was  assumed  in  the  foregoing  demonstra- 
tion, viz.,  that  the  angle  P  B  D  is  :=  the  angle  P  B  F.  From 
the  nature  of  the  parabola  P  F  =  P  L  and  the  angle  D  P  L 
being  infinitely  small,  causes  no  sensible  difference  between 
P  D  and  PL/.  P  D  =:  P  F  and  B  P  is  common  in  the  two 
triangles;  also  B  D  =  B  F  /.  (8.  1)  the  angle  P  B  F  = 
P  B  D. 


PROPOSITION  VIII. 

Every  paraholic  conoid  is  equal  to  half  its  circumscribed 

cylinder. 

If  the  semi-parabola  B  S  A  be  made  to  revolve  about  its 
axis  8  A,  the  solid  thus  formed  is  called  a  parabolic  conoid, 
and  may  be  conceived  to  be  constituted  of  an  infinite  series 
of  circles  parallel  to  its  base  B  B. 

From  the  property  of  the  curve,  Prop.  III.  S  A  :  A  B  : : 

/       A  B^  \ 
A  B  :  P  I  =     ,         j  the  parameter. 

Then,  S  «  X  P  =  6  «2 
S  e  X  P  =/e2 
S  ;/  X  P  =  ^  ?/2 

Here,  if  S  «,  S  e,  S  jy,  &c.,  be 
a  series  in  arithmetical  progres- 
sion, then,  S  «  X  P,  S  e  X  P, 
S  ?/X  P,  &c.,  are  in  arithmetical 
progression,  therefore,  ba'^,fe'^, 
or  y^,  are  a  series  in  arithmetical 
progression,  beginning  at  S,  the 
first  term  being  0,  the  common 

difference  1,  A  B'^  the  greatest  -^^^ 1 ~^Xi. 

erm,  and  S  A   the  number  of  ~~"~— ___— — -''"'^ 

erras.      Therefore,  A  B^   X  \ 
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S  A.  =r  Si  tbe  sum  of  the  series  (Prop.  II.).  But  the  areas 
of  the  circles,  which  constitute  the  sohd,  and  whose  radii  are 
ba,fe,gi/,  &c.,are,  (2  6rt)'^  X  n,{2feY  X  n,{2gyY  X  n, 
11  being  equal  to  'TSo-i ;  therefore,  putting  f/  =:  2  A  B,  and 
/i  =  S  A,  the  sum  of  all  the  circular  areas  constituting  the 
parabolic  conoid  will  be  ^  n  d^  h.  But  n  d^  h  is  the  content 
of  the  cylinder,  the  diameter  of  whose  base  is  d,  and  height 
h  i  therefore,  the  paraboHc  conoid  is  half  of  its  circumscribed 
cylinder. 

Cor.  The  sohdity  of  the  lower  frustum  of  a  conoid  cut 
off  by  a  plane  parallel  to  the  base,  is  equal  to  half  the  sum  of 
the  areas  of  both  bases,  multiplied  by  the  height  of  the  frus- 
tum. 

It  has  been  shown  in  the  Proposition,  that  the  areas  of 
the  circles  which  constitute  the  frustum  are  a  series  in  arith- 
metical progression,  the  sum  of  which  is  equal  to  \  the  sum 
of  the  extremes  multiplied  by  the  number  of  the  terms ;  but 
the  extremes  are  the  areas  of  the  two  bases  of  the  frustum 
and  the  height  the  number  of  terms;  therefore,  S  =r  72  (A  -j- 
a)  X  h,  S  being  the  solidity,  A  the  area  of  the  greater  base, 
a  the  area  of  the  less  base,  and  h  the  height  of  the  frustum. 


PROPOSITION  IX. 


Every  parabolic  spindle  is  equal  to  -^S^  of  its  circumscribed 

cylinder. 

Draw  S  d  parallel  to  A  B,  and  also,  J'  n,  <r  e,  h  y,  &c.,  pa- 
rallel to  A  S.  It  has  been  proved  in  Proposition  VII.  that  the 
linesy  rw,  g  n,  h  P,  &c.,  are  as  a  series  of  squares,  whose  roots 


%    F   9  h  d 
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form  an  arithmetical  progression  ;  therefore,  the  squares,  viz., 
f  m'^,  g   «^,  h  P'^,  will  be  as  a  series  of  biquadrates,    whose 
roots  will  form  an  arithmetical  progression. 


Now,  the  spindle  is  generated  by  the  segment  i  S  B  re- 
volving about  b  B  ;  and  the  solid  itself  is  composed  of  the 
series  of  circles  whose  radii  are  m  a,  n  e,  P  y,  &c. 


Again,  S  A  — fm  ■=.  m  a 
S  A  —  s  n  n  n  e 
S  A  —  A  P  =  Pi/,  &c.;  therefore,  by  squaring, 

1.  S  A2  —  2  S  A  X  fm  ■\-fm'^  =ma'^ 

2.  S  A2  -_  2  S  A  X  ir  "  +  J^-  «^   =  n  e'^ 

3.  S  A2  _  2  S  A  X  "a  P  +  A  P2  =  P  7/2,  &c. 

In  these  equations,  S  A^,  S  A^,  S  A^,  &c.,  form  a  series 
of  equal  squares,  of  which  A  B  is  the  number  of  terms ; 
therefore,  their  sum  will  be  S  A^  x  A  B. 


And  because  fm,g  n,  h  P,  &c.,  are   a  series  of  squares, 
of  which  S  A  is  the  greatest  term,  and  A  B  the  number  of 

terms  ;  their  sum  will  be ,    (Prop,    III.)    which 

being  multiplied  by  2  S  A,  M-ill  give  the  sum  of  that  part  of 

the  equation,  2  S  A  Xfm,  2  S  A  X  ^  ",  2  S  A  X  A  P,  &c., 

.      2  S  A^2   X   A  B 
VIZ., . 


Again,  /JK^,  g  n^,  h  P^,  &c.,  are  a  series  of  terms  of 
biquadrates,  as  has  been  shown  above,  whereof  d  B^,  or 
S  A^  is  the  greatest,  and  A  B  the  number  of  terms ;  there- 

S  A^  X  A  B 
fore,  their  sura  (by  Prop.  V.)  will  be ■        ■-' .      Hence, 

it  is  obvious,  that  the  sura  of  m  ci^ ,  n  e'2,  P  y"-,  &c ,  will  be 
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5  A2  X  A  B 1 — = 

6  S  Ag  X  A  B       2  S  Ag  X  A  B  _  8  S  A^  x  A  B 


But  the  areas  of  the  circles,  whose  radii  are  S  A,  jn  a,  n  e, 
P  2/,  &c.,  are  found  by  multiplying-  the  squares  of  their  dia- 
meters by  '7854  (=  w) ;  therefore,  the  sum  of  double  such 

a  series  of  circles  is  — ,  putting  D  zr  2  S  A,  H  = 

2  A  B  =  the  solidity  of  the  whole  spindle. 

But  the  solidity  of  the  circumscribed  cylinder  is  n  D'^  H; 

.      8  7J  D2  H  .      , 

therefore,  the  solidity  of  the  spmdle,  viz.,  — is  the 

eight-fifteenth  of  its  circumscribing-  cylinder. 

Cor.  From  this  may  be  derived  a  method  of  finding-  the 
solidity  of  the  frustum,  S  A^p,  of  a  spindle. 

The  area  of  a  circle,  whose  radius  is  S  A,  being  the 
greatest  term,  and  the  area  of  the  circle  whose  radius  is  P  y, 
the  least  term,  and  A  j/  the  number  of  terms ;  then  the  sum 
of  such  a  series,  that  is,  the  sum  of  all  the  circles  included 
between  A  and  y,  Avill  be  the  solidity  of  the  required  frustum. 

From  what  has  been  shown  in  the  Proposition,  the  sum  of 
all  the  series  S  A-,  m  a^,  g  n'^,  P  ^'^,  is 

(  S  A-2 '-  -j ~  )  X   A  w  which  let  =  Z. 

By  multiplying-  the  equation  by  3,  we  get 

(3SA_2SAx/i;'  +  ^  )   X  Aij  =  3Z. 
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Divide  both  sides  of  the  equation  by  A  y,  and  3  S  A^  — 

2  S  A  X  A  p  +-^4^  =  — ;butSA2_2SAxAp 
b  h.1)  ■* 

=  (SA  —  2A;9)SA  =  (p  ;/  —  hy^xij^y-^hp)- 

P  y'^  —  ^  P^  '  then  the    difference    of  these   will   be   equal ; 

that  is,  2  S  A2  -{-  ^-~-  =  | p  y"^   -^  h  p^,  and  by 

3  Z 

transposition,  2  S  A^  -j-  jj  ?^2  —  ^  h  p'^  ■=.  — — ;   divide  by 

Ay 

i   and  we  get  (2  S  k'^  -\-  p  y'^  —  ^  h  p'^)  ^  A  y  =  Z. 

Then,  putting-  D  =  2  SA,  C  =:  2  p  y,  d  z=.  2  h  p,  and  L 
=  A  i^;  (2  D2  +  C^  —  ^  c^2)  X  L  X  '2618  is  the  sohdity 
of  the  frustum. 


PROPOSITION  X. 


A  solid,  formed  by  the  rotation  of  an  hyperhola  upon  its 
axis,  is  to  the  circumscribed  cylinder,  as  half  the  tra?is- 
verse  +  ^  the  abscissa,  to  the  sum  of  the  transverse  and 
abscissa. 


Let  t  and  x  be  the  transverse  and  abscissa,  P  the  para- 
meter, n  a  quantity,  by  which,  if  the  square  of  any  radius 
be  multiplied,  the  product  will  be  the  area  of  the  circle. — 
See  Fig-.  Prop.  V. 


P 

By  Prop.  V.  M  K^  =  -  X    (t  X   +   x'^)  ;  therefore,  the 

n  P 
area  of  a  circle  whose  radius  is  m  K,  will  be x  Q  x  -{• 

a^),  and  the  sum  of  all  the  circles  between  A  and  K  must  be 

n  F  x'^ 

— X   0>  t  -]-  I  x),  but  the  solidity  of  the  circumscribing 


) 
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n  P  x'2 
cylinder  ■  X  (^  +  x) ;  therefore,  the  hyperbolic  conoid 

is  to  the  cylinder  as  i^  <  +  \  x  to  t  -\-  x. 

Cor.  1.  3  f  +  2  X  will  be  to  6  f  +  6  x  in  the  same  ratio. 

Cor.  2.  When  the  abscissa  becomes  equal  to  the  transverse, 
the  conoid  will  be  to  the  cylinder  as  5  to  12, 


52 


APPENDIX   TO   MENSURATION. 


.DEM0NSTKATI0N8. 


Dem.  1.  360  degrees  divided  by  the  number  of  sides,  will 
give  the  arc  A  B,  which  is  the  measure  of  the  angle  A  o  B, 
and  A  0  B  being  deducted  from  180  degrees,  will  leave  the 
sum  of  the  equal  angles  o  A  B,  o  B  A  ;  therefore,  half  the 
remainder  will  give  the  angle  o  A  B,  or  o  B  A,  which  is  half 
of  the  angle  E  A  B  or  A  B  C ;  hence,  the  angle  A  o  B 
taken  from  180,  will  leave  the  angle  E  A  B,  or  A  B  C. 
(Page  18.)* 

2.  Having  the  side  A  B,  which  in 
each  of  the  polygons  is  1,  we  can 
easily  discover  the  side  o  B,  the 
radius  of  the  circumscribed  circle : 
thus,  let  fall  the  perpendicular  o  x, 
which  bisects  A  B,  (3  HI.  Euc.) 
then  say,  as  sine  of  the  angle  x  o  B, 
which  is  12  A  0  B,  is  to  '5,  (=  | 
A  B  =  X  B)  so  is  radius  to  o  B. 
(See  Trigonometry.)  In  the  trigon, 
the  angle  x  o  B  is  60";  then, 


*  This  and  similar  references  are  to  the  pages  of  the  Mensm-ation 
wqere  the  rules  are  given,  and  where  also  the  figures,  unless  given  with 
the  Demonstrations,  are  to  be  found. 
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As  sine  k  o  B  60°,        .         .         .         .  9-937631 

is  to  X  B  -5, 1-698970 

80  is  radius  90", lO-OOOOOO 


9-698970 
9-937531 


to  oB -5773503 —1-761439. 

Now,  to  find  the  radius  of  the  circumscribed  circle,  that 
ii  0  B,  when  the  side  of  the  triangle  is  of  any  given  length, 
as  10  yards,  10  miles,  &c.  From  the  property  of  similar 
triangles,  1  :  -5773503  : :  10  (=  A  B)  ;  10  x  '5773508 
(=  o  B).  The  rest  of  the  tabular  numbers  may  be  foun^ 
in  a  similar  manner.  The  reason  of  multiplying  the  side  of 
any  polygon  by  the  number  corresponding  to  it  in  the  third 
column  of  the  table,  may  be  seen  from  the  last  analogy. 
(Page  18.) 

3.  Let  the  circumference  be  denoted  by  C,  and  let  n  denote 
the  number  of  sides  in  the  polygon  ;  also  let  A  B  be  divided 
into  71  parts ;  join  C  o. 

The  angle  A  o  C  (  =z  -  jis  given,  as  also  the  angle  o  A  C, 
or  0  C  A  (  =  90  —  — —  j  is  given ;  Ao  (  =  -  j  being  given, 

0  z  t   =  ~  —  2ns   given ;  therefore  C  z  can  be  found,  as 

also  the  angle  A  z  C,  or  its  equal  o  z  x  ;  hence,  the  com- 
pliment of  the  angle,  o  z  x,  viz.,  o  x  z  can  be  found  ;  and  o  z 
being  given,  o  x  can  be  found ;  and  hence  x  y  can  be  found, 
which  will  be  found  to  be  |  of  o  ^r  nearly  ;  hence,  the  con- 
struction is  obvious.     (Page  19.) 

4.  Draw  E  G  at  right  angles  to  A  B,  E  being  the  centre, 
join  E  n  and  E  I).  Let  the  radius  E  B  and  G  p  height  of 
the  arc  be  given ;  then  E  />  is  given  ;  and  as  E  B,  E  D,  and 
D  B  are  given,  the  angle  E  B  D  can  be  found;  and  as  E  B, 
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B  p,  and  E  p  are  given,  the  angle 
E  B  jtj  can  be  found  ;  and  hence  the 
angle  C  B  can  be  found.  Now,  as 
C  B,  B  D,  and  the  angle  C  B  D  are 
given,  the  side  C  D  can  be  found, 
which  will  be  found  to  be  equal  to 
half  the  arc  nearly.     (Page  20.) 


5.  Let  the  line  A  C  be  assumed  equal  to  the  arc  A  B,  join 
C  and  the  extremity  B,  of  the  given  arc,  and  produce  C  B  to 
meet  the  production  of  A  o  at  in. 

''  Now,  because  the  arc  is  given,  its  sine  B  P  is  given,  and 
also  A  C  ;  then,  by  similar  triangles, 
A  C  :  B  P  : :  A  m  :  P  ??2 ;  and  by 
division,  AC  —  PB:BP::Am 
—  P  ff?  (=  A  P)  :  P  w  ;  and  A  C  — 
B  P,  P  B,  and  A  P  (this  being  the 
versed  sine  of  the  arc),  are  given  ; 
hence,  P  n,  and  therefore  m  n  can  be 
found,  which,  when  compared  with 
the  radius  o  n,  will  be  |  of  it  nearly. 
Hence,  the  reason  of  the  construc- 
tion. (Page  20.) 


6.  A  B  X  A  S  =  A  C^  (8.  VI.) ;  and  the  diameter  of  a 
circle  being  to  its  circumference  as  7  to  22,  nearly,  as  will 

be  shown  hereafter ;    theji^  7    :    22    : :  — p-  :     X    22    = 

the  circumference  of  the  circle,  whose  diameter  is  A  B.     It 

will  be   shown   hereafter,   that  half  the  diameter  multiplied 

by  half  the  circumference  will  give  the  area  of  the  circle ; 

^      r         A  B         ,,         A  B         11        ,,        14. 
therefore,  -— -     X  H  X  —-7-  =  —  XHX—  =  2x 


17 


14 


IlX^=14xll  =  ABxAS 


A  C2.     Hence,  it' 
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appears  that  the  square  of  A  C,  viz.,  A  C  D  G,  is  nearly 
equal  to  the  area  of  a  circle,  whose  diameter  A  I>  contains 
14  parts,  and  the  distance  A  S,  from  the  perpendicular,  11 
of  such  parts.  And  if  7  and  22  were  strictly  to  each  other 
as  the  diameter  of  a  circle  to  its  circumference,  the  square 
of  A  C  would  he  the  true  area  of  the  circle  whose  diameter 
is  A  B  ;  but  the  ratio  of  7  to  22  expresses  only  the  approxi- 
mate ratio  of  the  diameter  to  the  circumference,  these  being" 
incommensural)le ;  therefore,  the  square  of  A  C  only  ap- 
proaches the  area  of  the  circle,  differing,  however,  from  the 
truth  only  by  a  very  small  quantity.     (Page  20.) 

.    7.  C  F  being  divided  r^     q^__^  5^  f^  JQ  Tt"  CO  (N  H    Ba 
into   ten  equal  parts;      '      '  '      '      '      '      '     "  - 


it  follows  that  if  C  F  >;,! 

be  a  unit,   F  Z,   Z  2,  /L ' 

&c.,willbeeachl-10th  ^  Fig.  2. 

of  a  unit;  if  C  F  be  10,  F  Z,  Z  2,  &c,,  will  be  each  1. 
Again,  let  the  triangle  E  F  x  (Fig.  2,  above),  represent  the 
triangle  E  F.r  (Fig.  J,  page  21,  Mensuration),  and  let  E  j: 
be  1,  then,  by  similar  triangles,  F  E  (10)  :  E  a;  (1)  : :  F  1  (i) 
:  I  a;  that  k,  10  :  1  ::  I  :  -J-^  =  1  a.     Also,  F  E  (10)  : 

E  X  (1)  : :  F  2  (2)  :  2  6 ;  that  is,  10  :  1  : :  2  :  f^j  =  2  6. 

Hence,  it  appears  that  the  three  divisions  form  a  continued 
proportion,  the  ratio  being  10.     (Page  21.) 

8.  If  the  length  of  a  rectangle  be  6  feet,  and  the  breadth 
1  foot,  it  is  evident  that  the  rectangle  will  conlaiii  6  square 
feet;  if  the  l)reailth  be  2  feet,  it  will  contain  12  square  feet; 
and  so  on.  Hence,  it  is  evident  that  the  rectangle  will  con- 
tain 6  square  f^et  as  often  as,  or  the  number  if  times  that, 
the  breadrh  measures  1  foot;  and  generally  if  the  length  of 
a  rectangle  be  a  feet,  and  breadth  b  feet,  the  area  will  be  a 
square  feet,  taken  as  often  as  b  contains  1  foot.  If  a  and  b, 
or  either  of  them,  contain  fractions  of  a  foot,  these  fractions 
are,  in  Cross  jMultiplication,  expressed  dnodecimcdlij ; 
that  is,  by  a  system  of  numeration,  in  which  12  is  the  base 
instead  of  10  ;  and  the  same  rule  may  be  observed  as  in  the 
multii)lication  of  decimals,  namely,  there  must  be  as  many 
duodecimals  in  the  product  as  in  both  the  multiplier  and  mul- 
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tipHcand.  To  begin  to  multiply  by  the  highest  denomina- 
tion of  the  multiplier,  as  is  usual,  is  not  necessary ;  we  might 
proceed  from  right  to  left  with  both  multiplier!  and  multipli- 
cand, skipping  a  place,  as  in  decimals.  What  are  usually 
denominated  inches,  in  the  result,  are  not  inches  in  reality, 
they  are  twelfths  of  square  feet,  whereas  a  square  inch  is  ^^4, 
of  a  square  foot.  A  similar  remark  will  apply  to  what  are 
^lsually  called  parts,  &.c.     (Page  25.) 

9.  Because  the  parallelograms  A  B  C  D,  and  A  B  F  E,  are 
equal  (35,  I.) ;  but  the  area  of  A  B  F  E  is  found  (Problem 
II),  by  multiplying  its  length  by  its  breadth ;  that  is,  the 
area  of  A  B  F  E  is  equal  toABxBF  =  DCxAE, 
which  is  the  rule. 

Note. — The  continual  product  of  any  two  sides  of  a  pa- 
rallelogram, and  the  natural  sine  of  their  contained  angle  will 
give  the  area  ;  that  is,  A  D  X  D  C  X  by  the  natural  sine  of 
the  angle  D,  will  give  the  area.  Because,  A  D  :  A  E  : :  1  : 
the  natural  sine  of  the  angle  D  .'.  A  E  =:  A  D  X  by  the 
natural  sine  of  D  /.  A  C  X  D  C  ;  that  is,  the  area  =:  A  D 
X  D  C  X  natural  sine  of  D.     (Page  29.) 

10.  The  product  of  the  base  by  the  perpendicular  height 
gives  the  area  of  a  rectangular  parallelogram,  whose  sides  are 
equal  to  the  base  and  perpendicxilar  of  the  triangle  (Prob.  II.)  ; 
hut  the  triangle  being  half  of  the  parallelogram  (41,  I.),  it 
follows  that  half  the  product  of  the  base  and  perpendicular 
will  give  its  area.     (Page  29.) 

11.  Put  A  C  =  ^,  A  B  =  &,  B  C  =r  c,  and  let  half 
the  sum  of  the  sides  be  denoted  by  S ;  that  is,  S  = 
AB  +  BC+AC    ^^^  j^^  ^  ^  ^^^  ^^^  ^^.^^  ^^  ^^^  ^j.._ 

2  '  ^ 

angle;  then,   2AC    X    CD^a^  +  c^—i^  (13,  H.) ; 

therefore,  C  D  =  "^  +  <^^  -  ^\     Again,  B  D^  =  B  C« 

/ /jS   _!_  c2  A2  V 

—  C  D2  (47,   I.)  =  c2  —  (^ — -^^ J  ;    but   (Prob. 
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__,_       ACxBD     .       _       _       AC^xBD^ 

IV,)  T  = ;  therefore,  T^  z= = 

4  a^  c^  _  (a^"  +  c2  _  i2)2 

^; ;-! —  ;  but  this  expression,  consisting 

of  the  dmerence  of  two  squares,?  ——  )  and  f ) 

which  being  equal  to  the  rectangle  under  their  sum  and  dif. 
ference  (Cor.  5,  II.),  maybe  transformed  into  the  following  ex_ 

pression,  viz.,  1  "^  = X r 

z=  -^^ ' — X  ^^ —'■,  and  by  decomposing 

4  4 

♦V  f  .  •  *  ^r^  c  +  ^  +  c  fl  —  6  +rc 
these  lactors  again,  we  get  x.^  z=. X  ^ ■ 

a  -\-  b  —  c          —  a  +  i  +  c        „  ^,  ,. 

X    — '— 7 X    -^ •      rrora    the    assumption, 

—■- ,  and  S  —  c  =  ■ —5 .       Hence,   by 

substitution,  T^  z=  S  X  (S  —  a)  X  (S  —  ^»)  X  (S  —  c)  : 
and  T  =  V  (S  X  (S  —  a)  X  (S  —  h)  X  (S  —  c)),  which 
is  the  rule.     (Page  30.) 

If  two  sides  of  any  triangle,  and  the  contained  angle  be 
given,  the  area  may  be  found  by  multiplying  the  sides  toge- 
ther, and  the  ])roduct  by  the  natural  sine  of  the  contained 
angle,  and  dividing  the  result  by  2.  This  is  evident  from 
Demonstration  10,  and  note  to  Demonstration  9.  (Page 
239.) 

12.  This  rule  is  a  corollary  to  the  5,  II.  Elrington's  Euclid. 
(Page  30.) 

13.  C  B-2  —  B  D2  =  C  D2  (47,  I.) ;  but  B  D^  =  —^ 

c2 
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(Cors.   26.   I.   and   4.    II.)   therefore,  (^  C  B^ ~  )  X 

C  B^ 

=   the   square   of  the  area  as   may  be    derived   frorn 

Prob,  IV.     Hence,  V  (  (C  B^ —)  x  -j-  j  =  area  of 

the  triangle,  which  is  the  rule.     (Page  32.) 

24.  By  the  foregoing  Demonstration,  the  area  of  an  equi- 

.    V   3  , 

lateral  triangle,  each  of  whose  sides  measures  1,  is  — —  ;    and 

similar  triangles  being  to  each  other  as  the  squares  of  their 

homologous  sides  (19.  VI.),  we  have   1^    :  A  B^  : :  — — -  : 

A   B2 

±-^  X  V  3.     (Page  32.) 

15.  C  D  X  -:j-  =  area  (Prob.  IV.)  /.  —^  =  -^j-^,  and 


area 


AB  =  ^  X  2.     (Page  32.) 

16.  The  truth  of  this  rule  is  evident  from  47.  I.,  and  from 
a  Cor.  to  c.  II.,  which  says,  that  the  rectangle  under  the  sum 
and  difference  of  two  quantities  is  equal  to  the  difference  of 
their  squares.     (Page  33.) 

17.  By  the  8.  VI.  A  B  X   B  D   =  B  C^.     Hence,  B  D 

B  C^ 
=  which  is  one  part  of  the  rule.     Again,  A  D  X  D  B 

=  D  C2  (8.  VI.)  ;  hence,  DC  =  VADr=DB,  which  is 
the  second  part.     (Page  34.) 

18.  By   Prob.  IV.  the  area   of  the   triangle   A   B   C    = 

AC  X  13  F       .,,,,..,..      1     A   HP  _  AC  xDE 

— — ,  and  that  of  the  triangle  A  L)  U  = 

2  °  2 

Then  the  sura   of   these  two  areas  will  be  the  area   of  the 
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.      ACxBF       ACxDE       BF+DE 
trapezium,  VIZ., 1 ^ = ^ 

X  A  C,  which  is  the  rule.     (Page  S5.) 
12.  Let  A  C  =  a,  C  B  =  6,  B  b  =  c,  and  A  D  =  J; 


also,  let  the  diag-onal  A  B  r=  x.  Draw  D  G  parallel  to  A  B 
meeting'  C  B  produced  in  G;  join  G  A;  and  from  A  draw 
the  perpendicular  A  F  (p),  A  E  (;/).  Because  1)  G  is  parallel 
to  A  B,  the  triangles  A  B  D  and  A  B  G  are  equal  (37.  I.)  ; 
to  each  add  the  triangle  ABC,  then  the  triangle  A  G  C  is 
equal  to  the  quadrilateral  A  D  B  C,  inscribed  in  the  circle. 
Now,  as  the  triangles  A  G  B,  A  i)  B,  are  equal,  their  bases 
G  B,  B  D,  are  reciprocally  proportional  to  their  perpendi- 
culars 7?  and  p' ;  that  is,  D  15  :  B  G  :  i  p  :  p' .  But  the 
triangles,  A  1>  E,  A  F  C  are  similar,  being'  right-angled  at  E 
and  F,  and  the  angles  A  D  E,  and  A  C  F,  suppK-ments  of 
the  angle  A  D  B;  therefore,  (4.  VI,)  p   ;  p'   \:  a  :  d  ,'.  c 

:  B  G  : :  a  :  r/;  hence,  G  B  =  —  \  and  x^  =  a^  +  5'-  — 

a 

2  b  X  C  F  (13.  II.);  also,  x^  =  c-  +  r/2  +  2  c 
+  D  E  (12.  II.);  therefore,  2  Z»  X  C  F  =  fl^  +  i^  _ 
(c2  +  (/2)  —  2  c  X  D  E  ;  i.ut  a  :  d  ::  C  F  :  D  E  .-.  DE 

^  X  C  E      ^  ^         ^    .      . 

= ;  then,     by  substitution   and    «ransposit:on,   we 
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r       ^  \  '        1^  V2(a6+crf)yJ 

'"-^  =  2(a/+.^){  (2  "  4  +  2  ^  '0=  -  (»=  +  *-^  - 
c-  -d'--f\^;  but  L^-,  or  1(5  +  -)  or  (-^^-j 
X  J>  =  the  area  =  (by  substitution)  -\  (2  a  6  +  c  d)"^  —  {a\ 
+  ^2  _  c2  _  rf2)2  U  _  1  I  (2  a  i  +  2  c  t^  -f  a^  +  ^2 

_  c2  _  (^'2)  X  (2  a  6  +  2  c  £/  —  a^  _  Z^^2  +  c^  +  d"^)  j  ^ 
=  ^  j  (^2  +  2  a  i  +  &2  —  c2  +  2  c  f/  —  f/'^)  X  (  —  a^ 
+  2  a  Z.  _  ^2  j_  c2  +  2  c  (f  +  rf-2)  I  ^  =  M  [(fl  +  ^2)  _ 


i_i  _r 


(c_rf)-2]   X  [-(a-i)-^  +(<:  +  r/y^]  |   ^  =  -    j    (a  + 
ia-c  —  d)    X    (a   +   ^  —  c+<^)    X    {a  —  h  -^  c  -^  d) 


X 


'«  +  i  +  c  +  f/         ^.  ^  I 


(^^i^i^ -«)}''   =   (puttin,  S  =  .  +  4  + 

which  is  the  rule.     (Page  36.) 

This  may  be  domonstrated  geometrically,  thus : — 
Let  D  A  C  B  be  the  inscribed  trapezium  ;  bisect  the  angle 
A    C    B  by   C    E,    and    from   the  point    E    demit   the  per- 
pendicular E  0  F,    on  the  line    A    B,  which  -will  evidently 
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bisect  it,  and  also  be  the  diameter  of  the  circle ;  join  E  A, 
E  B,  and  A  F ;  from  C  let  fall  the  perpendicular  C  G,  and 
from  E,  the  perpendicular  E  z,  on  the  line  A  C.  Make  C  I 
—  C  B  ;  join  B  I,  IE.  Then,  I  E,  and  B  E,  the  bases  of 
the  triangles,  I  C  E,  B  C  E,  are  equal ;  (4,  I.)  :.  I  E  z= 
A  E ;  and,  therefore,  A  z  =:  |  A  I  ;  that  is,  A  z  =z  half 
the  difference  between  A  C  and  C  B  ;  .*.  C  z  =  half  their 
sum.  For  the  same  reason,  D  ?/  is  half  the  sum  of  the  lines 
A  D  and  D  B,  and  B  1/  half  their  difference  ;  therefore,  C  z 
-^  B  y  z=:  half  the  sura  of  the  four  lines,  A  C,  C  B,  B  D, 
D  A  ;  that  is,  C  z  -{•  D  y  =z  half  the  perimeter  of  the  in- 
scribed trapezium  A  C  B  D.  Then,  if  from  C  z  -\-  T)  y, 
each  side  of  the  trapezium  be  subtracted,  respectively,  the 
four  remainders  will  evidently  be  D  y  —  A  r,  D  ^  -J|-  A  2, 
C  z  —  B_y,  C  z  +  B  _y;  which,  being  multiplied  together,  will 
give  (D  y'^  _  A  z'^  X  (C  a^  _  B  y^). 

But  A  z'^  —  F  G    X  0  E.     For  the  triangles  A  z  E  and 
F  G  C  being  similar,  A  z-^  :  z  E^  :;  F  G'-:  :  G  C"^  ;;  F  G« 
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F  G  X  G  E  : :  F  G  :  G  E.     And  A  z^  +  2  E^  (=  A  E^) 
A  ;z2  . .  F  G  +  G  E  (=  F  E)  :  F  E)  :  F  G  : :  F  E  X  0  E 
F  G  X  0  E,  but  F  E  X  0  E  =  A  E2,  F  A  E  being  a  right 
angle;  therefore,  F  G  X  o  E  =  A  z^. 


Again,  C  s'2  =  F  o  X  G  E.  For  it  is  obvious  that  C  2^ 
=  CE2_EA2  +  Az2:3GExFE— oExFE 
-fo  E  xFGr=GExFE  —  GExoE  =  GEx 
(F  E  —  0  E)  =  G  E  X  F  o. 

In  a  simil  ir  manner  it  naay  be  proved  that  B  y^  z=  F  0  X 
E  H,  and  D  j/2  =r  F  H  X  E  0;  therefore,  (D  y^  _  a  z^) 
X  (C  2^  —  B  y^),  the  continual  product  of  the  four  re- 
mainders, =  (FHxEo  —  FGxEo)x(GExFo 
—  E  H  X  F  0)  =  ((F  H  —  F  G)  X  E  0)  x  ((G  E  _ 
E  H)  X  F  0)  =  G  H  X  E  0  X  G  H  X  F  0  =  G  H2  X 
EoxFo=G  H^XoB^^i  square  of  the  area  of  the 
trajiezium;  because  C  K  X  0  B  =  area  of  the  triangle 
ABC,  and  D  x  X  0  B  =  area  of  the  triangle  ADD,  then 
(CK  +  Dj;)xoB=  area  of  the  trapezium,  but  C  K  -{- 
Dx  =  HG. 

2  '.  Bisect  A  D  in  G :  through  G  draw  E  F  parallel  to 
C  B,  and  G  H  parallel  to  A  B  ;  produce  C  D  to  E.  The 
triangles  A  G  F  and  E  G  D  are  evidently  equi-angular,  and 
th(^  sides  A  G  and  G  D  equal  ;  therefore,  these  triangles  are 
equal  (26.  I.).  Hence,  the  trapezoid  A  B  C  D  is  equal  to 
the  p-,irallel()gram,  F  E  C  B,  but  the  area  of  the  parallelogram 
is  equal  F  B  X  C  P  (Frob.  III.).  Again,  it  has  been  shown 
that  the  triangles  E  D  G,  and  A  G  F  are  equal  in  every  re- 
spect ;  hence,  E  D  =  A  F,  and  E  C  =  F  B  r=  G  H  (34. 
I.) ;  therefore,  G  H  is  half  the  sum  of  E  C    and  F  B  ;  that  is 

^„       EC+FB      DC+AB       ,       ,        DC+AB 
G  H  =r ^ =: ~ ;  wherefore, 

X  C  F  gives  the  area  of  the  trapezoid.     (Page  37.) 

2'.  Rule  I.  Every  regular  polygon  may  be  divided  into 
as  many  equal  triangles  as  the  tigure  has  sides,  by  joining  its 
centre  to  the  vertices  of  its  angles;  therefore  the  area  of  one 
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of  the  triangles  multiplioil  by  the  number  of  siiles,  will  give 
tlae  area  of  the  i)olygon.  But  the  area  of  one  oi'  the  triangles 
is  found  by  niulti|ilying  the  perpendicular  by  half  the  base 
(Prob.  IV.) ;  therefore,  the  area  of  the  whole  polygon  is  equal 
to  the  product  of  the  perpendicular  and  half  the  sum  of  the 
sides. 

Rule  II.  Regular  polygons  having  the  same  number  of 
sides,  are  similar  to  each  other;  and  similar  figures  being  to 
each  other  as  the  square  of  their  like  sides  (20.  VI.)  ;  tbere- 
fore,  as  the  areas  in  the  Table  are  those  of  polygons  whose 
sides  are  1,  it  follows  that  1^  is  to  the  area  in  the  Table  as 
the  square  of  the  side  of  the  polygon  to  its  area. 

Rule  III.  The  perpendiculars  from  the  centres  of  two 
regular,  similar  polygons,  will  evidently  be  proportional  to 
their  sides;  theiefore,  1  :  perpendicular  in  the  Table  '.:  the 
side  of  the  polygon  :  its  perpendicular. 


The  polygons  A  B  D  E  F,  and  a  b  d  ry  are  similar  in  every 
respect,  and  the  area  and  perpendicular  of  the  small  polygon 
are  found  in  the  Table  to  the  side  1. 

The  tabular  numbers  are  found    by   Trigonometry, — thus 
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for  the  pentai,'on  :  divide  360  degrees  by  5,  and  the  quotient 
is  12  degrees  for  the  angle  a  o  b  ;  its  half,  36  degrees,  is  the 
angle  a  o  c.     Then, 


Sine  angle  a  o  c  =z  3&* 
a  b 


IS 


to  a  c  :=  '5  (=: 


t) 


so  is  sine  angle  o  a  c  ^=.  54° 


to  perpendicular  c  o  =.  '688191 


.  9-7692187 
.  -1-698970O 
.     9-9079376 

9-6069276 
9-7692187 

-1-8377089 


Hence,  (-688191  x  5)  -^  2  =  1-720477  =  the  area  of  the 
pentagon  whose  side  is  1.  The  rest  of  the  numbers  in  the 
Table  are  calculated  in  a  similar  manner.  These  may  be 
found  by  other  methods,  some  of  which  are  rather  difficult. 
The  perpendiculars  are  the  radii  of  the  inscribed  circle. 
(Page  40.) 

22.  Let  A  B  D  F  and  a  b  dj'he  two  squares,  one  circum- 
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scribed  about,  and  the  other  inscribed  in  a  circle ;  let  F  D 
be  2,  then  the  area  of  A  B  D  F  is  4,  and  oi  a  b  d  f  2  (6. 
and  7.  IV.  and  I.  41.) :  thence  it  is  required  to  find  the  areas 
of  two  other  regular  polygons  of  double  the  number  of  sides 
(eight),  the  one  circumscribed  and  the  other  inscribed,  viz., 
hikwvzyx,  and  Gf^dChQ,a. 

First,  it  is  evident  that  o  g  f  and  o  G  F  are  similar,  and 
are  also  like  portions  of  the  squares  a  b  dfa,  and  A  B  D  F  A  ; 
it  is  also  evident  that  the  triangle  o  G/,  and  the  quadrilateral 
0  G  h  f,  are  like  portions  of  the  inscribed  and  circumscribed 
polygons,  of  which  G  /  and  h  i  are  sides ;  and  as  ^  y  is 
parallel  to  G  F,  o  ^  I  o  G  : :  o  /  :  o  F;  but  o  jD'  :  o  G  :: 
the  triangle  o  ^y  :  o  G/(l.  VI.) ;  for  the  same  reason  o/  : 
0  F  : :  the  triangle  o  G  F  :  the  triangle  o  G  F ;  therefore,  by 
equality  of  ratios,  the  triangle  o  g  f  :  o  G  f  W  o  G  f  :  o  G  F; 
therefore  the  polygon  G/Ec?C  b  Q  a  is  a.  mean  proportional 
between  a  i  (/  /  a  and  A  B  D  F  A  ;  but  a  Z*  df  is  2,  and 
A  B  D  F  is  4  ;  therefore,  G/EdCbQais  equal  V  2  x  4 
=  2-8284271. 

Again,  because  o  h  bisects  the  angle  G  o  F,  G  o  :  o  F,  or 

go  :  of\:  Gh  '.hY  {?,.  VI.)  but  ^  0  :  0/  : :  ^  0  :  0  G  : : 

the  triangle  o  g  f  \  oG  J  ;  and  o  g  :  o  /  (=  o  G)  *. :  o  G  : 
0  F  : :  G  /i  :  /i  F  : :  the  triangle  o  G  A  I  the  triangle  o  A  F ; 
then  from  equality  of  ratios  the  triangle  o  g  J  :  the  triangle 
0  G/  ::  0  G  A  :  the  triangle  o  h  F.  Hence  the  inscribed 
figure  a  b  dfis  to  its  derivative  inscribed  figure  GfEdCbQa 
as  the  triangle  oG  hto  the  triangle  o  h  F  ;  and  as  magnitudes 
are  proportionals  by  conversion,  and  also  by  the  similar  in- 
crease of  their  homologous  terms,  it  follows  that  a  b  d  f  and 
G  fE  d  C  b  Q  a  together  are  to  twice  a  b  dj'as  the  triangles 
o  G  h  and  o  //  F  together  (=  o  G  F)  to  twice  the  triangle 
oG  h{=  oGhf);  that  is,  ab  df  together  with  GfEdC 
i  Q  a  is  to  A  B  D  F  as  0  G  F  to  0  G  hf;  but  o  G  F  and 
o  G  A  /  are  like  portions  of  A  B  D  F  and  i  h  i  k  w  v  z  y  ; 
therefore,  abdf  and  GfEdCbQa  together  are  to  A  B  D  F 
as  A  B  D  F  to  X  A  i  /<•  w  v  2  y.  But  a  b  d  f  =  2,  and  G/  E 
dGbQin  =  2-8284271  ;  hence,  2  +  2-82f4271  :  4  ::  4  (  = 
ABDF)  :  3-3137085  =  the  area  xh  ikvov  zy. 

From  this  it  appears  that  the  two  inscribed  polygons  ai-e 
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to  twice  the  primitive  inscribed  polj'gon,  as  the  area  of  the 
circiimscrilied  polygon,  to  the  area  of  the  derivative  circum- 
scribed polygon  having  double  the  number  of  sides.  Hence, 
to  tind  the  area  of  the  inscribed  polygon  of  16  sides,  which 
is  a  mean  proportioiial  between  2-8284271  and  3-3137085, 
we  multiidy  them  together,  and  extract  the  square  root  of 
the  product,  thus,  VC^-8J84271  X  3-3137085)  3-0614674; 
and  to  find  the  area  of  the  circumscribed  polygon  of  16 
sides,  we  sav,  as  2-8284^271  +  3-0614H74  :  2  x  2-8284271, 
or,  -5-889-945  :  5-6568542  ;:  3-3137085  :  3-1825979. 

Pursuing  this  mode  of  calculation,  namely,  extracting  the 
square  root,  and  finding  a  fourth  proportional  alternately,  the 
following  table  may  be  formed,  showing  the  numbers  ex- 
pressing the  areas  of  the  inscribed  and  circumscribed  poly- 


Number  of  sides. 

Ai-eas  of  the  inscribed 
Polygon. 

Ajeaof  the  circumscribinc 
Polygon. 

5 

2-0000000 

4-0000000 

8 

2-8-284271 

3-3137085 

16 

3-0614674 

3-1825979 

32 

3-1214451 

3-1517249 

64 

3-1365485 

3-1441184 

128 

3-1403311 

3-1422236 

256 

3- 14 1277-2 

3-1417504 

51-2 

3-1415138 

3-1416321 

1024- 

3-1415729 

3-1416025 

2048 

3-1415877 

3-1415951 

4096 

3-1415914 

3-1415933 

8192 

3-1415923 

3-1415928 

16384 

3-1415925 

3-1415927 

32768 

3-14159J6 

3-1415926 

As  the  area  of  the  circle  is  intermediate  between  the  areas 
of  the  inscribed  and  circumscribed  polygons,  and  as  the  areas 
of  the  last  two  in  the  table  are  the  same  in  all  the  figures  to 


DEMONSTKATIOXS.  67 

which  they  aie  carried  out,  it  follows  that  the  area  of  the 
circle  must  also  be  3'1415926. 

Now,  if  we  conceive  the  circumscribed  polygon  to  consist 
of  an  infinite  number  of  sides,  the  sum  of  all  is  evidently 
equal  to  the  circumference  of  the  circle  ;  but  the  area  of  such 
a  polygon  is  found  Ity  multiplying-  half  the  sum  of  all  the  sides 
by  the  radius  ;  therefore  the  area  of  a  circle  is  found  by  mul- 
tiplying" half  the  circumference  by  the  radius;  but  as  the  area 
to  the  radius  1,  is  3"141-5li26,  or  3"1416  nearly,  it  is  evident 
that  3*141G  is  half  the  circumference  of  a  circle  whose  radius 
is  1,  and  the  circumferences  of  ciicles  being-  as  their  radii, 
3'14-16  is  the  circumference  of  a  circle  whose  diameter  is  1. 
Hence,  if  D  denote  the  diameter  of  any  circle,  its  circum- 
ference will  be  found  by  the  analogy,  .1  :  3'1416  i;  D  ;  the 
circumference  ;  the  converse  of  this  is  evident. 

Smaller  numbers  expressing  the  approximate  ratio  of  1  to 
3*1416  are  113  to  355  and  7  to  22.  These  numbers  are 
found  by  continued  fractions. 

To  find  the  area,  having  the  diameter Since  the  areas  of 

circles  are  to  each  other  as  the  square  of  their  diameters,  it 
will  be,  as  2^  :  D'^  ::  3-1416  :  the  area  of  the  circle  whose 

diameter  is  D,  this  =  -5-  X  3-141G  =  D^  x  -78539815,  or 

D^  X  -7854. 

The  diameter  and  circumference  of  a  circle  are  incommen- 
surable ;  and  though  Geometry  furnishes  no  method  of  finding 
a  line  equal  to  the  circumference,  yet  the  approximate  nu- 
merical solution  given  above  answers  all  the  purposes  to  which 
it  may  be  applied. 

From  what  has  been  said,  it  is  easy  to  conceive  that  the 
area  of  a  ciicle  is  equal  to  the  area  af  a  right-angled  triangle, 
whose  altitude  is  equal  to  the  radius  of  a  circle,  and  base  equal 
to  its  circumference.     (Page  41.) 

23.  It  has  been  shown  that,  when  the  radius  is  1,  the 
semi-circumference  is  3-1  HG,  which  being  divided  by  180, 
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the  degrees  in  a  semi-circle  gives  '01745329,  the  length  of  I 
degree,  to  the  radius  1.     (Page  42.) 

24.  Let  the  radius  C  D  =  r,  and  sine  A  P  =  S  ;  then  the 
chord  A  D  z=  V  (S'2  +  [r-  V  (r^  -S^)]^)  =  S  +  ^  4    "^  ^' 


8r2  '   128r* 

+  &c. ;  and  8  A  D  +  8  S  +  ^  +  --^  +&c. ;  therefore,  8 

r-*        lor* 

AD-_2AP  =  CS  +  5^+?-^&c.;andi(8AD  — 2AP> 

=  |(8AD-.AB)  =  2S+3^, +-Jg^,&c.    But  from 

Trigonometry,  the  length  of  the  arc  A  D,  whose  sine  is  S,  is 

known  to  be  S  -4-  -—^  +  — r— T5  &c.  ;  and  therefore,  the  arc 
6r2    '   40r4 

g3  Q  g5 

A  D  B  will  be  2  S  +  ■——-  A — — — ^ ,  &c.    Now  when  we  com- 

3  r^    '    40  r* 

pare  this  expression  for  the  length  of  the  arc  with  -  (8  A  D 

o 

S3       7  S^ 
.— .  A  B)  =2  S  +  —-zr  +  -— — r,  &c.,  we  find  the  diiference  to 
3r^       48r* 

S5 
be  only— ——J  which  proves  the  truth  of  the  rule.     (Page  42.) 

The  reason  of  the  rule  may  be  otherwise  shown  thus  : — Let 
arc  A  D  B  =  2  A,  chord  AD  =  c,  AP  =  S;  then,  by  Trigo- 

S3  S' 

nometry,  A  =  S  +  —^ — ^,  &c.,  and  2  A  =  2  S  +  -—^.  Also 

:y-=|+  (1)  ,&c.;then  Az=c+  g^^;  and8A  =  8c  + 

2.3r2 

4-^,  &c.;  hence  8A  —  2A  =  6A  =  8c  +  ^,  &c.  —  2  S 
or*  or* 
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S'  c'  S^ 

—  — -,  &c.,  but  ^T — r  being'  nearly  equal  to  - — - ;   therefore, 
3  r"  or'^  6  r'^ 

6A  =  8c  —  2S,and2A(=ADB=  ^^"7—,   which 

o 

is  the  rule. 

The  following  formula  taken  from  Dr.  Hutton  is  more 
accurate : — 

Let  d   =    the   diameter,    and  v   the    versed   sine,   thea 
(5  d  -x/  .        —  +  4'\/rfr)Xo  =  the  length  of  the  arc. 

Demonstration.     From  Trigonometry  we  hare  A  =  S  + 
S3      ,       3  S5  3.5.S7      ^        ,    .  .      ,        c 

2:3:^  +  2Z57-*  +  2Z677'  *^-' ^^^^  ^^'  ^  =  ^  ^  ^^  ^ 

2.3.r-^  ^  2.4.5.r  ^  ^  2.4.6.7.r6 '        ^ 

The  length  of  the  curve  A  D  B  being  required,  call  its 
half  DBA,  the  versed  sine  D  P,  v,  sine  B  P,  S,  nnd  radius 
r;  and  because  KPxPDzrBP^;  that  is,  (2  r  —  v)  X  v 
=  S'2,  and  then  \/  (2rv  —  v^)  =:  T ;  substituting  this  value 
of  S  in  the  above  equation,  we  get  A  =z  a/  (2  r  v  —  v'^)  X 
^,,2ru— 1?^  ,  3x(2rp  — u^)^  ^  S.5x(rv  —  v^y  ^^  X 
V.   +"2X>"2~  +  2.T575  +       2.4.6-.7.rG       '  ^""'J 

By  expanding  and  multiplying  these  factors,  we  get 

Put  2  r  zz  d,  and  we  get 
k  ,  /..'".       3  t;'^       .       3.5  v^       „     ^ 

^  =  ^  ^' ^  ^  (^  +  2X^  +  2X5:^  +  2^67^' <^") 

To  find  the  value  of  this  series,  let  it  be  assumed  ■=.  d  »/ 

— 1 J \-  n  >J  dv^  and  we  get 

zd  —  A  V  ° 
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'»! 

.1 

V  d'^  V  j 

A  =  d  V   —. 7 \-  n  V  dv  =  ^/  — ■ \-  n  s^     i 

g  a  —  h  V  g  d  —  h  V  1 

d  V  =   V  d  V   X    (v  — r~-i \-  nj    =    \^   d  V   X 

\      g  a  —  n  V  J 

(V  ( r-)  +  n)  =V   d  V   X    — ; -, ^     \ 


(  ) 


This  being  expanded,  we  get 
V  ^  f  X  (-Y-  + 


h  V 

-.+ 

3/^2 

5' 

&C. 

+ 

2dg 

8  A^ 

+  n 

+  - 

h  V 

3 

+ 

3/^2 

t,2 

.4' 

2 
g 

=  V^^^x  (— j  +  wH J  -\ J, &c- > 

By  comparing  with  the  equation,  il 

/-  V  3  ©2  4.5  ^5        ^    N      I 

i 

we  get  the  co-efficients  of  the  hke  powers  of  v  equal  to  each     : 

i 

1                                                   1        e-^  — 1     I 
other  ;  that  is,  -^  +  »  =  ^  5  then,  n  =z  1 j  =  - — j —     \ 

,1          ^  ,1  ^      ^  g^         7         ,g^  '' 

and  -  = =,  and   -   =    — ;  hence,  —  =  A,  and  —  = 

Miaisiry  o*  .-.....-,..>..,  Omwia  \ 

""  Historical  CcIIection  1 
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3            3/12  1  7^2  „J 

h"-.     Again,  we  have  —   =  g— f  ?  lience,  -  =— ;  and  y 

0-2           o  3  9  1 

=  Ti^;  therefore,  ^V  =  TT  5  hence,  g'  =  -  X  ^^.;  that  is, 

i5        9        ^                                  4  9  9 

g^  —   -   Xg^,  and   dividing  by  ^^,    we  get  g^ .  =  -,  and 


rr 


81       3 

/j   rr   —  X  -,  and  substituting  those  in  the  equation,  A  z= 
25       5 

d  k/  ; 1-  K  V  '^  v>  we  get  A  =  c?  \/ 

g  a  —  It  V 

V  1 


'81 


v(i)-' 


=   -)    =  6?  V 


V 


5  6  6 

5  V  1 

V  ^  V  =  (5  rf  V  -r-, r, \-  '^  V  d  v)  X  r--,  &n^  2  A  = 

o  a  —  o  B  y 

5  V  2  . 

(5  J  V h  4  V  ^  v)  X  7:>  which  IS  the  rule. 

^  5  d  —  '6  V  9 

25.  When  the  circumference  of  a  circle  is  1,  its  diameter 
is,  by   Prob.    XVI.,    found    to  be  -318309,  and   its   area   is 
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•318309        1    ,^  .     •      nox        -318309       „„^.^^ 

X  V  (Demonstration  22.)  = =-079577  = 

2  2  4 

•07958  nearly ;  but  circles  are  to  each  other  as  the  squares 
of  their  circumferences;  therefore,  1"^  :  cir.^  :;  -07958  :  area 
=  cir.2  X  -07958. 

ErxES  IV.  and  V.    7  :  22  : :   diameter  1    :   circumference 

22                                 22  1  11 

=  -;;-,  and  the  area  is x   ^   =  — ;  hence,  14  :  11 

7 

'.'.   d^   '.  area  ;  22   :  7   : :   circumference  1  :  diameter  =  — 

1  \  1 

*°<i  77^; ^   X  H  =  t;?;  the  area  of  a  circle  whose  circum- 

22  X  2        2        88 

7 

ference  is  1  ;  therefore,  1^   :   cir."^  '•  ^  •  area;  that  is,  88 

:  7  ;  cir.'^  ;  area  cir.  bein^  the  circumference.     (Page  43.) 


Cor.  Hence,  \i  d  ■=.  diameter,  c  =  circumference,  a  = 
area,  n  =  3-1416.     Then, 

1st.  i  =  -  =  1^  =  v  C^X    For  n  :  1  ::  c  :  ^  =  - 

n         c  \nJ  n  . 

-,  d       c                .            ,,             ,-4a  ., 

and  -  X  -  =  a  ;  then,  c  rf  =  4  c,  and  d  =  ;  agam,  1  : 

n  ::  d  :  n  d  =  c;  then, =  -,  =  d ;  then,  d^  =  — > 

end  n 

A  a 


.nd.=  ^(li)  =  2vG). 


4  a 
2nd.  c  =  n  d  =.  —r-  =  2  v'   {p^  «)•     J^or  c  c?  =  4  a  .*.  c 

\ 
»^4c           .              4  a       A  a       \a  n         ^  ' 

=  —r- ,-  again,  c  =  — j-  = =  /.  c^  =  4  a  n,  and  ;) 

■__  d  d  c  c 

n  i 

c  =  2  V  (o  "^'  J 
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nc?2         c^         d  c      ^  .       d       n  d 

3rd.  a  =  — —  =  —-  =  — -.     Yox  c  =  nd  :.-X  -^ 
4  4  n  4  2         2 

n  rf^  c^       .        . 

,  and  c^  =  4  rt  72  .'.  a  =  — — ;  likewise,  cc?  = 

4-  4  n 

■i 


cc? 


4a;   hence  fl  rr  -— . 
4 


4th.  ?j  =  -  =  — rj-  =  — — .     For  c  =  n  d  :.  n  =  -.  and 
d         d^        A  d  d 

n  d'^      ^         ,                 ,.                 4  fl          .4a 
a  ^  ;  then,  4  a  =  n  d^^  .  .  n  ■=  --7t'->  again,  d^  ■=. 

4  n 
.'.  n  d"2  =  4  fl,  and  n  =  -r^. 

26.  AVhen  the  diameter  is  1,  the  area  is  '7854  (Demon- 
stration 22)  ;  then  the  side  of  a  square  equal  in  area  to  '7854 
is  V  (-7854)  =  -8362269,  the  multiplier.     (Page  44.) 

27.  When  the  circumference  is  1,  the  area  of  the  circle  is 
•071)577  (Demonstration  25);  then,  the  side  of  the  square 
equal  in  area  to  -079577  is  V  (-079577  —  -2820948,  the 
multiplier.     (Page  43.) 

28.  When  the  diameter  is  1,  (=  B  D),  the  area  of  the 
circumscribed  square  is  I,  and  therefbie  the  area  of  the  in- 
.SLTil)ed  square  is  \  (=  -5)  (Demonstration  22),  and  the  side 
itself  is  V  -5  =  -7u710G8.     (Page  45.) 

29.  Let  the  area  of  the  circle  A  B  G  D  be  1,  then, 
from   the   first  equation   in   the   Cor.  to    Demonstration   25 

<*  =  2  ^  (tiTIb)'  ""''2-  =  ^  (ihTTb)  •  ''^"'''  ^  • 
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2Ao^  =  (47.  I.)  =  A  D2  =  — ^TTT  =  -6366197.    Now,    ' 

3-1416 

similar  figures  are  as  the  squares  of  their  like  sides,  .'.  1  :  \ 

given  area  ::  -6366197  (=  A  D^)  to  the  square  of  the  side  j 

of  the   inscribed   square    =    given   area    X    -6366197    .*.  the  j 
side  itself  is  V  (given  area  X  "6366197),  which  is  the  rule. 

(Page  45.)  j 

30.  "When  the  side  of  the  square  is  1,  the  radius  of  the  \ 
circumscribed  circle  is  •7071(  68,  and  the  diameter  is  -7071068  j 
X  2  =  1-4142136— See  Table  1.     (Page  46.)  ^ 

31.  When  the  side  of  the  square  is  1,  the  diameter  of  the  I 
circumscribed  circle  is  1-41'12136;  and  therefore,  its  circura-  j 
ference  1-4142136  X  3-1416  =  4-4428934.  Hence  the  rea-  | 
son  of  the  rule.     (Page  46.)  i 

i 
1 

32.  From  the  first  equation,  in  the  Cor.  to  Demonstration 

4  rt  .  .  ! 

25,  we  have  d  ■=.  »,/ ;  but  when  the  side  of  a  square  is  1, 

n  i 

its  area  is  1  /.  c?  =:  V  (^)  =  V  CslTie)  ~  1'1283791. 
Hence  the  reason  of  the  rule.     (Page  46.) 

33.  By  the  last  Demonstration,  the  diameter  of  a  circle 
equil  in  area  to  a  square,  whose  side  is  1,  is  1-1 '283791,  and 
its  circumference,  therefore,  will  be  1-1283791  X  3-1416  = 
3-5449076.     (Page  47.) 

34.  The  reason  is  evident  from  Demonstration  22.  (Page 
47.) 

35.  The  reason  of  the  second  rule  is  evident  from  the  33.  I 
VI.,  Vi'hich  proves  that  arcs  of  the  same  circle  are  as  the  *j 
sectors;  therefore  the  whole  circumference  (-^O)  is  to  the 
given  arc,  as  the  area  of  the  whole  circle  is  to  the  area  of  the 
sector.     (Page  47.) 
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36.  This  rule,  whicli  is  the  I)est  for  practice,  was  origin- 
ally dpnionstvatfd  hy  Mi.  Peter  Nicholson,  He,  however, 
took  the  fundamental  part  of  his  deminstration  from  Dr. 
Hutton,  which  the  Doctor  discovered  l>y  Fluxions.  Let  v 
=:  versed  sine  C  D  of  the  arc  A  C  B  aiul  d  the  diameter  of 
the  circle  ;  then,  the  lengtli  of  half  the  arc  is  \^   (d  v)   X 

(V  3  v^  \ 

1  +  —  +  ,   &c.  J  (see  page  69,  Appendix ;)  this 

multiplied  l»y  half  the   diameter,  will    give   the  area  of  the 
sector;  that  is,  the  area  of  the  sector  is 

^V(rfv)x(l+^+  ^^-  &c.)     Now,  it  is  easy  to 

conceive  that  -{•  ^  d  -\-  v   =  the   altitude   of  the  triangle 
whose   base   A    B   is  2   V    (dv  —   u-)   =   2  \/    (d  v)  X 

(V  v'^  \ 

1  —  - — ;  — .  — — ,  &c.  J     Hence,  the  area  of  the  triande  is 
2  d       bd'^         J 

being  added  to,   or  subtracted  from   tlie  area  of  the  sector, 
gives2vv/(c?.)x(J-^-2-^.c<^c)       B«tD    F 

X    D  C   =   A  D2   (:]5.  III.);    that  is,  {d  —  v)    X   v  = 
— -,  (c  beinij  put  for   A   B) ;   therefore,   d  z= 1-  v,  and 

2v  V  (dv)  =  v  V  (c"  +  4v'^)  =  vc  -\ —  + 

C  C' 

4  v^ 

— J-,  &c.  by  extracting  the  square   root  of  c^  +  4  u^,  and 
c 

(2         V 
-  —  - — 
o       o  c 


v^     \      /-         ,  2  1)3  ^       ^2         t)    \       2  ,    4t)5 
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«  C* 


&C. 


5d' 

8  C^  V^   +  ^(^  1)5 

15  c3  +  60  c  u2 
(Page  50.) 


3   ^c  + 


2 


t)    c 


4  c  1'' 


5  6-2  +  20  t;2 
+  T^-i!  or  -  V  c  + 


16  c- 


2  . 

=  3   t,   c    + 

3 

nearly. — 
2  c 


v 


37.  To  prove  the  truth  of  this  rulp,  it  will  be  necessary  to 
show  that  segments,  whose  versed  sines  are  as  the  diamelei-s, 
will  be  to  each  other  as  the  squares  of  the  diameters.  Let 
A  E  B  A  and  a  e  b  a  l)e  Iwo  similar  segments,  rut  fi om  the 
similar  sectors,  A  E  B  C  A  and  a  e  b  c  ti  by  the  chords  A  B 
and  rt  b.     Draw  C  E,  bisecting-  both  the  arcs. 


By  similar  triangles,  C  A    ;  C  «   1 :  C   S  :  C  .v  ;  that  is, 

C  A  :  c  «  : :  c  A  —  E  s  :  c  a  —  r  5 .-.  c  A  :  c  -7  : :  E  s 

',  e  s.  Hence,  the  versed  sines  »)f  similar  s  grnents  me  as 
the  radii  of  the  circles,  or  as  the  dinmeters ;  but  similar 
sectors  are  as  the  squares  <»f  the  diaun-ters,  and  simihir 
triangles  as  the  squjuesof  their  like  sides;  C  A^  *.  C  rt* 
::  sector  A  E  B  C  A  :  sectoi  a  r  b  C  //  ::  tiiangle  C  A  B  : 
triangle  C  n  b  W  seg-.  A  K  B  A  (=  s-ctor  A  E  B  C  A  —  tri- 
angle ABC):  seg\  a  e  b  a   (=  sector  a  e  b  C  a  —  triangle 
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a  h  C) ;  that  i'p,  the  segments  are  to  each  other  as  the  squares 
of  the  diameters. 

Now  the  diameter  in  the  tables  is  1,  then,  by  putting-  d  =r 
any  diameter,  and  v  rr  versed  sine,  we  shall  have  d  '.  v 
'.'.  1  '.  V  -^  d  =  versed  sine  of  a  similar  segment  in  the  table, 
whose  area  we  shall  call  a.  Then,  from  what  has  been  proved, 
1-2  .(1-2  ••  ^j  . ,,  ^2  — .  f,j.pjj  of  the  segment,  whose  height  or 
versed  sine  is  v,  and  diameter  d.     (Page  51.) 

Note. — If  to  the  square  of  half  the  chord  of  the  segment 
there  be  added  the  square  of  the  versed  sine,  the  square  root 
of  the  sum  will  give  the  chord  of  half  the  arc  of  the  segment. 
To  I  of  the  chord  of  half  the  arc  of  the  segment  add  the 
chord  of  the  segment,  the  sum  multiplied  by  f  of  the  versed 
sine  will  give  the  area.  The  truth  of  this  rule  may  be  shown 
thus : — 

As  in  Dem.  36.  we  have  A  =  V  (^^  v)  X   M   + 


2.3  d 


a 


^-•' 

*"•■-« 

/ 

"\^ 

s^^"- 

^\^ 

^ 

o 

^ -" 

R 


3v2  ■. 

+  2:4:57^'  ^'-) 
d 


and   therefore,    the   area   of    the    sector 

3  t;2 


QPR  Ois-x  (V  Cl^)  X  (I  +  gl^^+^^jl^)  but 
Q  S  X  S  O  =  area  of  the  triangle  Q  0  R ;  that  is,  V  ((c^ 
—  v)  X  u)  X  (^-v^  =    ^/    {d  V  —  v'^)   X    (2  —  ^) 
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=   area  of  the  triangle   Q   O   R ;    and  this    expanded,   and 
taken  from  the  area  of  the  sector,  as  fonnd  before,  we  get 

2  .  X    (V  (d  V)  X  g_  ^-^-ij,,  &c.))  for  the  area 

of  the  segment  in  terms  of  v  and  d,  which  assume  equal  to 
2  T7  (m  V  (</  V  —  v'^)  -\-  n  a/  {d  v))  (in  order  to  find  a  finite 


value  for  the  segment)  =  2  u  (»«  \/  (  d  v  X  (1  —  T/))"^'' 
j^  (dv))  =  2v{m  ^/  {d  v)x  (l  —  2)^  +  «  V  (dv))  = 
2v(V  {d  v)  X   (m  X  (^  1  —  ^  )2  +  w)  =  2  V  v^  {d v)  X 

^"^  ^    (j  ~Yd~h:^)  +  «]   =  2  t;   X   V   (rf  t')   X 
m—  — __^,  &c.  A-n^=2'o  X  V  {dv)x{m-^ 

Til  V  VI  V  '\ 

n  —  —7  =.  ,  tic.  S       Now,   by   comparing-   these    two 

2 

expressions  for  the  area  of  the  segment,  wg  get  m  -\-  n  ■=.  — 

3 

^  1       ,       r  2.2,  2        , 

—  -  =  —  -;   therefore,  m  =z  -;   then,   -  +  n  =  -,  and 
^  o  5  o  tj 

2       2        4 
n  =z  - — -  =  YT'     -^y  substituting   these    in    the    equation 
«3        o        15 

2 
expressing  the  seg-ment,  we  get  2v  X  -7  V  (d  v)  —  u^)  + 

o 

^V{dv)  =  ^vXi2V{dv  —  v'')+^V    (d  v);    but 

V  (c?  v)  is  the  chord  of  half  the  arc,  and  2  V  (c?  w  —  d^) 

2.2 
is  the  chord  of  the  segment,  and  -  v  is  -  of  the  versed  sine; 

o  o 

therefore,  -v  X  ('2\^(dv  —  v^)  +  -  v^  {d  v)  I  expresses 
the  rule. 
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38.  The  triangles  A  x  F  and  D  x  B  beinj^  similar;  D  x  : 
D  B  : :  A  X  :  A  F,  which  is  double  ^  y  ;  tlien,  G  j/  =  D  B 
X  A  X  -^  2  D  X. 

When  the  diameter  of  the  circle  is  given,  or  the  chord 
A  C,  and  height  y  z,  the  operation  is  very  simple,  in  which 
case  D  X  needs  not  be  g-iven.     (Page  52.) 

39.  Let  D  be  the  diameter  of  the  larger  circle,  and  d  the 
diameter  of  the  smaller;  then  D-  X  "78554  =  area  of  the 
larger  circle,  and  d"^  X  •7854  =.  area  of  the  smaller  circle 
.-.  D2  X  -7834  —  d-^  X  -7854  =  (D^  _  c?2  x  '7854  = 
(D  +  c?)  X  (D  —  d  X  -7804  r=  the  area  of  the  ring.  And 
this  expression  corresponds  with  the  rule.     (Page  53.) 

40.  Let  A  B  =  A,  and  a  h  —  a;  let,  also,  A  C,  the 
radius,  =:  /•.     Then,  as  similar  arcs  are  to  each  other  as  their 

radii,  A  B  :  n  i  : :  C  A   :   C  « y  that  is,  A  :   a   : :    r  :  — 

^  a  r        At  —  a  r 

=  a  C;   but  AC  —  a  C  =.  a  A  z=.  r —  =: 

A  A 

—  ^ —       ■-  X  r.      But  the  area  of  the   sector  A  C   B   = 
A 

Ar,,  -.  ^  ^,  C  a    X  n  b        a  r 

and  the  area  or  the  sector  «  L  6  = =— r- 

a  2  A 

n        n^  r         ,  „,  ^*r.   /  ^  ^ 

X  -  —  — r  .".  the  area  of  the  segment  A  15  o  a  =  —^  — 

a%r  _A2    ,     —  n"^   r    _   (A^  —  fl^)  _   (A  +  a) 

2"A   -         "'fA  -~'2A         ^'-         2  ^ 

^ X   'r  =■  - — 5 X  A  n,  by  substituting  A  a  for  its 

A  ^ 

equal —  x  ^)  which  is  the  rule.     (Page  53.) 
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Remark  on  Froh.  XXXII.  j 

If  A  B  C  be  a  right-angled  triangle,  on  the  three  sides  of      ^■ 
Tvhich,  if  three  semi-circles  be  described;  then,  the  triangle 


T  (A  B  C)  will  be  equal  to  the  sum  of  the  two  lunes,  L.  I, 
L  2.  Because  the  sum  of  the  semi-circles  described  en  the 
sides  containing  the  right  angle  is  equal  to  the  semi-circle  de- 
scribed on  the  hipotheniise,  (2.  XII. ^  24.  V.,  and  47.  1.,)  and 
taking  away  the  segments,  Si,  S  2,  which  are  common  to 
the  equal  quantities,  the  remainders  will  be  equal,  viz.,  the 
sum  of  the  lunes,  L  I,  L  2,  will  remain  equal  to  T.    (Page  o4.) 


Cor.  2. 


41.  This  rule  is  evident  from  Proposition  XIII. 
Ellipsis.*     (Page  61.) 

42.  The  first  rule  is  self-evident ;  for  the  space  E  G  F  H 
Tjeing  deducted  from  A  C  B  D  ;  the  remainder  will  be  the 
space  between  both  circumferences. 

By  putting  T  and  C  for  the  transverse  and  conjugate  dia- 
meters of  the  lar^tier  ellipse,  its  area  is  T  X  C  X  '7854,  and  the 
area  of  the  smaller  ellipse  is  i  x  c  X  -7854;  then,  their  differ- 
ence is  T  X  C  X  -7^54  —  t  X  c  X  -7854  z=  (T  X  C  — 
t  X  c)  X  •7t54,  which  is  the  second  rule.     (Page  62.) 


*  This  and  similar  references  are  to  the  Appendix,  Properties  of  the 
Conic  Sections. 
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43.  By  CoroUariei?  to  Proposition  XIII.  Ellipsis,  an  ellipsis 
is  to  the  rectiingleot'its  two  axis,  as  any  circle  is  to  the  square 
of  its  diameter.  And  also  any  spgmetit  of  an  ellipse  is  to  a 
like  segment  of  a  circle,  as  the  rectangle  contained  by  the 
two  axes  of  the  ellipse  is  to  the  square  of  the  diameter  of  tho 
circle.  But  hy  Proh.  XXVIII.  Kule  3,  the  segment  of  the 
circle  is  found  by  multiplying  by  the  square  of  the  diameter, 
the  area  segment,  as  fouiid  in  the  Table  of  circular  segments, 
corresponding  to  the  height,  divided  by  the  diameter:  there- 
fore, the  segment  of  the  ellipse  is  equal  to  the  product  of  both 
its  axes,  multi|/lied  by  the  area  segment  corrt'sponding  to  the 
height  of  the  segment  divided  by  the  diameter,  of  which  the 
given  height  is  a  part.     (Page  G3.) 

44.  It  has  been  shown  that  the  geometrical  mean  between 
the  two  axes  is  equal  to  the  diameter  of  a  circle  equal  in 
area  to  the  ellipse;  but  the  arithmetical  mean  exceeds  this 
geometrical  mean,  while  the  circumference  of  the  ellipse 
exceeds  that   of  the   circle   equal   in   area  to   it ;    therefore, 

— - —  X  p  ==  (<  +  p)  X  ^  p  ^vill  give  the  circumference 
nearly. 


(t  X  c) 


X  p  is  greater  than  the  circumference  of  a  circle  ; 


but  \/  {t  X  c)  X  p  is  less  than  the  circumference  of  the 
ellipse  equal  in  area  to  the  circle ;  therefore,  (^  +  c)  X  2  i' 
is  the  circumference  of  the  ellipse  nearly. 


D  2 
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Otherwise  : — 

Let  A  15  be  the  curve  whose  length  we  require;  and  let 
two  other  curves,  EOF  and  C  D  be  desctibed,  at  equal,  but 
very  small  distances  fiom  it,  the  one  without  it,  and  the 
other  within  it;  these  two  curves  do  not  differ  much  from, 
ellipses,  and  the  difference  of  tlieir  areas,  as  found  by  Prob. 
II.  Sec.  III.,  will  give  the  area  of  the  ring  or  space  lietween 
them  neaily  ;  imt  this  area  is  equal  to  the  curve  A  B  multi- 
plied by  E  C  ;  the  distance  between  the  two  curves  E  F  and 
C  D ;  therefore,  the  area  of  the  ring  divided  by  E  C  will 
give  the  length  of  the  curve  A  B  nearly  enough  for  practical 
purposes. 

T  herefore,  putting  t  =.  the  transverse  axis  of  the  ellipse, 
whose  length  is  required, 

c  IT  its  conjugate 

p  =  31416 

rf  =  i  E  C  =  A  C,  or  A  E. 

Then,  (t  + '2  d)  X  (c  +  2  d)  X  i  p  {=  '7854)  =  the 
area  of  the  curve  E  F\ 

And  (/  —  2  d)  X  {c  —  2  d)  X  i  P  =  the  area  of  the 
curve  C  D. 

The  diflference  (t  -\-  c)  X  p  d  =  the  area  of  the  ring-. 

Therefore,  (/  +  c)  x  p  d  -^2d  =  \he  length  of  the  curve 
A  B  ;  that  is,  {t  +  c)  X  i  p  =  the  length  of  the  curve. 
(Page  6J.) 

45.  It  is  manifest  that  the  circular  arc  x  y  is  an  arithme- 
tical mean  between  the  circular  arcs  C  V  and  G  B  /.  x  ij  is 
nearly  equal  to  the  elliptical  arc  C  B.  Hence,  the  lule  is 
evident. 

This  rule  is  the  easiest,  for  practice.  Other  rules  might 
be  given,  which  would  find  more  accurate  results;  but  being 
both  tedious  and  difficult,  and  the  investigation  necessarily 
involving  the  fluxonial  or  differential  calculus,  they  are  omit- 
ted.    (Page  64.) 
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45.  The  equation  of  the  cui  ve  h  d'^  :  c'^  W  x  {d  —- x)  ; 
^'  ;  jmlting-  d  for  the  tiansvei^e  diameter,  c  for  its  conjug^ate, 
and  r  for  an  aliscissa  to  the  ordinate  y  ;  then,  d  :  c  '.'.  V  (x 
{d  —  x))  :  y,  which  is  the  rule.     (Page  G^.) 

47.  From  the  property  of  the  curve,  we  have  d'^  '.  c^  '.'.  x 
(d  —  x)  :  7/2  ;  then,  c^  d  x  —  c^  x'2  =  c?^  y^,  and  dividinij 

c^,  we  get  d  X  —  x^  =  — ^,  and  x^  —  d  x  z=  —   — ^ — 
and  by  completing  the  square,  we  get  x^  —  d  x  -\-  —  =:  — 

-  ^2);  then,  a:  -  ^   =   ±  V    (^Ji  c^  -  i/"^))  =  ± 

-  V    ac^  -^^),  and  a:  =  f  +  -   ^/   (1  c«  _  ^2),  which 
corresponds  with  the  rule.     (Page  66.) 


48.  The  same  notation  being  retained,  we  have,  from  the 
pro])erty  of  the  curve,  c/^  :  c'^  ;;  (x  d  —  x'^)  :  y"^  ;  and 
thei  efore,  y'^  d'^  =.  c'^  x  d  —  c^  x'^  ;  then,  !)y  transposition, 
y'^  d'^  —  c'^  X  d  z=.  —  c-  .T^,  and  l)y  dividing  both  siiles  of  the 

equation  by  t/^,  we  get  d-  —  — j  c/  =  —  — —,  and  by  com- 

,    .      ,,  ,  ,„       c^x  .   c'^  a-2      c'^  x^      c^  x« 

pletmg  the  square,  we  have  «2 


then,   by   extracting   the    square    root    of  both   these    equal 

c^  X  /'c^  x^        c'  x'2 

quantities,  we  get  d  —   — -  =  V    I  - — r—  — 7-;   hence, 

^^  V4  ^*  y"^ 
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c'^x  /'C'*a'^         c'2a;2x         ex        ^,       ,      ,  ,,    ^ 

-^  =  v±^  (^'"- 1^")  =  ^  ^  U^+vft^' 

—  ;y^)],  which  is  the  rule.  For  V  (^  c^  — y'^')  is  the  square 
root  of  the  difference  of  the  squares  of  the  semi-coiijiit;ate 
and  ordinate,  to  which  ^  c  is  added  for  one  factor ;  then, 
from  the  nature  of  proportion,  y^  :  c  a;  : :  |  c  +_ -y/  (^  c^  — 

^2)  :  cf  =r  ^  X  B  c  +  V  a  ^'  -  ^')]-     (P«Se  66.) 

49.  From  the   equation  of  the  curve,  we  have  c^"^  :  c^  11 
X  Y,  (d  —  .r)    :    y'^  ;  the   roots  of  these   are  proportionals, 

viz.  \/  \_x  X  {d  —  a.')]  '.  y  W  d  \  c,  which  is  the  rule. 
(Page  67.) 

50.  This  is  proved  in  Proposition  VII.,  Arith.  of  Infin., 
where  it  is  shown  that  the  area  of  a  parabola  is  equal  to  |-  of 
its  circumscribed  parallelogram.  But  the  base,  multiplied  by 
the  height,  is  the  area  of  the  circumscribed  paralleloL'ram  ; 
then,  §  of  this  area  is  the  area  of  the  parabola.     (Page  Qi%^ 

51.  By  Prop.  III.  Cor.  1.  Parabola,  D  O  :  :r  O  I :  A  D^ 
:  S  x"-  ;  and  putting  A  B  =  D,  S  T  =r  <.',  !  >  .r  =r  a;  D  O 
:  a;  O  .-.  I  1)2  :  1  ii-2  ::  D'^  :  d"^  ;  and  by  division,  (17.  V.) 
D  O  —  .T  O  :  a-  O    : :   D^  —  rf-2     :    a'^  ;  that  is,    D  a-  :  a-  O 

: :  D2  _  rf'2  .  ^.'2 .  ij^,t  Vt  X  —  n  :.  a  :  x  o  : :  d^  _  ^2 . 

d^.     Hence,  a?  O  =  -r~. ^,  and   D  O   =:   «  + 


D'2— d2'  ^     -  ^      D'2__^'2 

(a  d'^      \  . 

a  -\-  J— Tj  I  X  3  IS  equal  the  area  of  the 

a  d^ 
whole  parabola,  and  d  X   r^ -^  X  §  is  equal  the  area  of 

the  segment  SOT;  their  difference   is  the  area  of  the  zone 
A  S  T  B,  viz. :— 
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^lj=Jl^,a  =  '^r^+^   Xi«istheareaoftLe 
zone  A  S  T  C,  which  is  the  rule.     (Tage  69.) 

52.  Let  V  =  any  curve  beginning  at  the  vertex  O,  1/  = 
the  oidinate  to  the  axis  at  the  extremity  of  the  curve,  x  = 
its  abscissa,  a  =  ^  the  parameter  of  the  axis. 

The  equation  of  the  curve,  as  shown  in  Prop.  III.  Cor.  2. 
Parabola,  is  2  «  a;  z=  v/'^ ;  the  fluxion  of  these  quantities  will 
be  equal  ;  hence  2  a  x  =  2y  y,  and  dividing  both  by  2  a,  a;  = 

iLA.  ;  hence,  i^  -  -^^^  but  v  =:  ^/('f2  +  ^A  ;    /.  ^    = 
^  (^j^  +  ^  )  =  y  ^^^-^^X     The  fluents  of  these 

will  \)Qv  —y —-^ ~ —    +    i  «    X    hyp.  log.   oi  y   -\- 

'LI^AjD-^  -  ..  «  y  V  (1  +  !?•')  +  i  «  X  hyp.  log.  of 

[7  +  V  (1  +  l?^)]?  putting  q=.-;   double   of  this  quantity 

gives  the  value  of  the  double  curve,  viz.  2  v  ■=.  c  =.  a  q  ^ 
(I  +  ?^)  +  «  X  hyp.  log.  of  \q  -I-  ^/  (1  +  j2)]=  a  X 
(y  S  +  iiyj'-  ^"to"  "^  7  4"  '^)>  whicli  is  the  rule. 

The  length  of  the  curve  x  v  y  may  be  found  pretty  accu- 
rately thus: — Conceive  two  curves,  A  O  B  and  C  ?/  D  to  be 
drawn  eqvii-distant  from  the  curve,  whose  length  is  reouired 
at  a  very  small  distance,  say,  the  one  hundred  millionth 
part  of  a  unit  from  it;  tlien  it  is  obvious  tliat  these  two 
curves  do  not  d'ftVr  much  from  paraliolas.  Find  the  area  of 
the  p<ind)ola  C  //  I)  to  the  or(h'iiate  C  F,  and  heiglit  F  y 
which  call  S;  find  also  the  area  of  the  parabola  A  O  B  to  the 
ordinate  A  F,   and  height  F  O,   which  call  G:  then,   G  S 
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will  give  the  area  of  the  ring:  A  C  y  T>  B  O  A,  which  area 
being  divided  by  the  perpendicular  dis;taiice  O  _?/,  or  tlie 
breadth  of  the  ring,  will  give  the  length  of  a  curve  equal  to 
a  mean  hetween  the  curve  A   O   B   and  C  _y  D  ;  that  is,  of 

p   e 

«•  V z;  hence,  xvz  z=  — —^     .     In  this  figure,  O  y  •=  t  C 


y 


o 


=    Tooooooo(y  ^^®  '^*'^"    breadth   of  the  ring,   fronn  ^vhich 
A   F  and  C   r',   may   he  determined,    and  hence   G  and  S 
(Page  70.) 

The  fli.xion  of  the   curve    in   the   last  rule   is   v  =  y  // 

I  1   -|-  '-^  J   —    by  extracting  the  square  root  ^   X   (1    + 

-ii — ,  A ^— }r-,  &c.);  then,  by  finding  the  fluents, 

2a^  2.4  a'i  ^  2.4.0  a6  '         /'  '    /  o  > 


and  putting  q  =  '-,  we  get 


5 

a 

7'2 


2^5   +  2I&  ""''^    =   '^'   ^'""^'^ 


«,=y  X  (1  +  Jg- 

of  one   side   of   the   curve,    the   double  of  which  gives  the 
entire  length  on  both  sides,  viz.   C   =:2'y=:22/   X   (1   + 


j«  q*      ^      S  q^ 


t ^— Jf         ^        &c.)     (Page  70.)* 

2.3         2.4.5  ^   2.4.6.7'        ^     "^     ^    '    ^ 


*  By  mistake  no  reference  is  made  to  this  Demonstration  in  tJie  Menaui-atioa. 
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53.  From  what  has  been  said  in   the   last  rule  v  ■=.  y  X 


V 


—  V  (1  +  S  f'')  =  —  -g^j  J*  +   ^^^q''M.-«h\chmt,Y 

be  rejected,  if  we  suppose  q  not  greater  than  1,  .'.  v  ■=.  y 
V  (1+1  y^)  =  V  (//^  +  %  '^•^)  "early;  .-.  C  =  2  v  = 
2  V  (^^  +  I  *^)  nearly.     (Page  71.) 

54.  This  is  evident  from  Proposition  III.  Cor.  1.  Parabola. 
(Page  71.) 


55.  From  the  property  of  the  pnrabola,  DO  :  x  O  '.\ 
A  D2  :  S  a;2  ;  then,  by  division,  D  O  —  a:  O  (=  Da:)  \xO 
: :  A  D2  _  S  r^  :  S  x2  ;  that  is,  A  1)2  —  S  a-^  :  S  a;2  : :  D  j; 
:  a:  O.  Also,  A  1lj2  _  S  x2  /.  A  D2  : :  D  a;  :  D  O.  (Page 
72.) 


56.  It  is  proved  in  Proposition  V.  Cor.  I.  Hyperbola,  that 
the  square  of  half  the  transverse  is  to  the  square  of  half 
the  conjugate,  as  the  rectangle  of  the  abscissa  by  the  sum 
of  the  abscissa  and  transverse  (which  is  the  abscissa  rela- 
tively to  the  o])posite  curve,)  to  the  square  of  the  ordii^ate 
therefore,  i"-  \  ^"-  \\  x  X  {i  +  x)  :  2/'^,  and  t  I  c  y.  a/  (x 
X  (f  +  x))  :  i/,  which  is  the  rule ;  t,  c,  x,  y,  being  the 
transverse,  conjugate,  abscissa,  and  ordinate  respectively — 
(Page  73.) 


57.  Retaining  the  same  letters  as  in  the  last  Demonstra- 
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tion,  (I)':   ('-/::  y^  +  (1)'  :  (^  +  -^)  (P^'op- V. 

Cor.   4.    Hyperbola)  ;    then,  c  :    t    :  *.  V  (3/^  +  ^)   :  2     + 

s  =    half    the    abscissas ;     then   --\-x-\--  =  t-\-xz=z 

f  t 

greater  abscissa,  and  -  +  :«;  —  -  =  a:.*.  ^V 

1--  :=  the  greater  or  less  abscissa,  which  is  the 

c  — ^ 

rule.     (Page  74.) 

58.  From  Proposition  V.  Cor.  1.  Hyperbola,  we  have 
^1\^  :  (J\  ::  ^  X  (t  -{■  s)  ::y^;  hence,  i'^  :  c^  : :  .r  f  + 
A'2  :  3/2  ;  then,  f^  l'^  =  c^  .v  t  +  c^  x'^  ;  and  t/^  f^  —  c^x  t  = 
c^  x'^  ;  divide  by  ?/2,  and  we  get  i^ _  x  <  =  — ^  com- 

plete  the  square,  and  then,  i'^ ^  X  ^  + 


c-*j;2         4c2  ^.2  j^2  ^  c*  A-2         ,  ^        c^A- 
4 = ~ — T^ ,  and  t  —  -r—r  =  */ 

^4c2^y2y2  4.0^^.2  X    _  r(  t  ;/2    +    C^)    X    C^  A-'^  1  _  C^ 

V  4j/^         7  -  ^  L  4^/4  J""  23/^ 

X  V  (4y^  +  c2)  .-.  ^  -  ^I  +  ^  V   (4j/^  +  C^)  = 
;^^  X  V  (4y2  +  c^)  +  c  =  c-  X  V  (*.^  +  i  c2)  +  ^ 

which  is  the  rule.     (Page  75.) 
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59.  By  the  last,  we  have  t"  :  &^  : :  (t  +  a)  X  ^  :  y^  i 
then,  the  roots  of  these  are  proportionals;  viz.  tic'.',  s/ 
\{t  ^^  x)  y.  x\  '.  y \  and  then,   V    {it   -\-   x)    y^    x\    '.  y   ',', 

ty 
t  :  c  =. = '—^ ^,  which  is  the  rule.     ( Page  75.) 


60.  Let  X  and  x  be  the  abscissas,  and  Y  and  y  the  corres- 
ponding ordinates;  then,  by  Proposition  V.  Cor,  3.  Hyper- 
bola, we  have  <  .r  +  a--  :  f  K  +  X'2  : :  ?/2  .  y^  ;  hence, 
i  X  v'2  +  X-^  y^  -  t  X  Y-2  +  x'-  Y'2  ;  then,  tXy^  —txY^ 
=  ^2  Y2  _  X2  j/2,  and 

t  =  -^fT—r ^yf-,  or  t  = ^ V    ,,   ,   which   IS   the 

X  ?/'2  —  .V  Y'2  '  a;  Y^  —  Xy'^ 

mle.     (Page  76.) 


61.  Conceive  a  parabolic  curve  to  pass  through  the  first 
three  points  B  D  F,  which  will  very  nearly  coincide  with  the 
hyperbolic  curve,  when  the  ordinates  are  taken  very  near 
each  other;  and  therefore,  the  area  of  the  hyperbolic  space 
A  B  F  E  will  be  very  nearly  equal  to  the  parabolic  space, 
their  boundaries  nearly  coinciding.  Let  the  abscissa  be 
called  X,  and  the   ordinate  y;  then,  from  the  nature  of  the 

g2  c 

parabola,  we  have  -^    X  (x'^  +  t  x)  =z  t/'^,  and  y  =z  -    x    V 

(x^  +  t  x).     By  extracting  the  square  root  of  (;r^  +  t  x), 

which  will  be  an  infinite   series,  and  multiplying  by   -,  we 

shall   have  y.     Let   the    infinite   series,    multiplied    by-,  be 

represented  by  A  +  B  .r  +  C  x"'^  -\-  D  x'^,  &c.,  which  is 
obviously  a  general  expression  for  the  ordinate  _?/;  and  if  we 
consider  x  to  be  composed  of  an  infinite  number  of  points, 
beginning  with  a  cypher,  the  several  values  of  it,  as  it  in- 
creases from  0,  may  be  represented  by  0,  1,2,  3,  &c.  Now, 
as  all  the  ordinates  (which  are  supposed  to  be  extremely  near 
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each  other,)  corresponrling-  to  the  abscissas  0,  1,2,  3,  &c., 
make  up  the  area  of  the  space  A  B  F  E,  let  a:  be  interpreted 
by  0,  1,  2,  3,  &c.,  and  we  shall  get 

A  +  B  X  0  +  C  X  C2         z=  A  or  A  B  the  ordinatCj 
A  +  B  X  1  +  C  X   1^  when  ^  =  0. 

A  +  Bx2  +  Cx22 


A  +  Bx^  +  Cx^        =  middle  ordinate  D  C. 


A  +  Bx:p  +  Cxa-^        =  third  ordinate  E  F. 

The  sura  of  all  these  is  obviously  the  area  of  the  space 

33  ^2         C  ^^ 
A  B  F  E ;  that  is,  A  x  ■\ ■_- 1-  — -—  =  area  = 

6  o 

From  the  middle  equation,  we  have 

4  A  +  2  B  ;r  +  C  a-2  =  4  D  C,  and  when  ar  =  0,  we  g-et 
A  =      A  B,  wht'n  .r  zr  A  E,  we  get 

A+       Bar4-C;r^=       EF.  add  them  together,  and 

6A  +  3B^  +  2Ca;2  =  4DC  +  AB  +  EF.     But 

(6A+3B;r  +  2C;r^)  X-7=  area  of  the  curve  .'. 
(AB  +  4DC4-EF)  Xp=  area  of  the  curve,  or 


G 
1 
'3 


(A  B  +  4  D  C  +  E  F)   X  ^ ;  for  D  =  a:  ^  2.     Pursuing 


the  same  mode  (EF  +  4GH  +  IK)x     y=    area    of 
the  hyperbolic  space  E  F  K  I ;  and  (I  K  +  4  L  M  +  N  0) 

X  —  =  area  of  I  K  O  N,  &c.,  consequently  the  sum  of  all 
these  areas  will  give  the  entire  hyperbolic  space  A  B  O  N 
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yery'nearlj  ;  that  is,  (AB  +  4CD+2EF  +  4GH-|- 
2IK+4LM+NO)x-^=   (A   +   4B  +  2C   X 

^.     (Page  76.) 


62.  Let  a   ■=.   semi-transverse,  h  :=.  semi-conjugate,  x  = 
the  abscissa,  y  ■=.  the  ordinate  ;  then,  7/^  z=.  —^.     (2  a   a:    -f- 

ir^)  ;  hence,  ^^  +  2  a  .r  =  ^~-,  and  ^  =  f  X  (i^  +  y^^f 

17                ay  r}  y  .     ,    , 

—  a,  and  a  x  ■=. — '- .     And  a  z  ■=. 

h{h'^+y'^Y 

'^ ^   I  1  +  -^  -  -66-  +  T^  -  ^^  +  <-^ -  /    = 

a6  _^  4  „4  ^,2  +  8  f,2  /,4  1  f 

^_     2       a^+4a^^     ^       gG  +  4  a*  Z>^ -f  8  <<Q  &^     g_^ 
C6*"-^  4U-6a        '-^    "^  112  61'-^  '^ 

&;c.    r  =  the  arc  A  P. 

But  the  rule  expressed  algebraically  is 
1.5aJ2  +(19a2  -}-2i62).^ 

I5a6'^+     (9a^-t-216^   ^  ^'  "^"'=^'  ^^''^^"'"^  ^''"^'^' 
the  (quotient  will  be  fuund  to  differ  but  little  from  the  preceding 
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series,  which  expresses  the  true  value  of  the  arcs ;  therefore, 
the  rule  approximates  the  truth.     (Page  77.) 

Note.— it  is  to  be  observeil  that  x  =',r  .  (o^   +  y^)^  —  «• 

The  length  of  an  arc  of  an  hyperbola 
maybe  found  thus: — Conceive  two  curves 
to  be  drawn  equi-distant  from  Q  A  P  at  an 
extremely  small  distance  from  it,  as  in  the 
parabola ;  tind  the  area  of  these  two  new 
figures  taken  as  hyperbolas,  from  which 
they  do  not  materially  ditfer,  by  reason  of 
their  nearly  coinciding  with  the  hyperbola  <^ 
Q  A  P;  then  the  difference  between  these 
two  areas  divided  by  the  perpendicular  distance  between  them 
■will  give  the  length  of  the  curve  Q  A  P  nearly. 

Hence,  any  curve  may  be  rectified  in  this  way,  when  ita 
area  can  be  found  from  certain  dimensions. 


63.     Retaining   the    same    notation,    the    equation  of  the 
hyperbola  is  ^  =  -  ("2  a  x  +   x'^)^.  Hence  _y  d x  ■=  -  (2  a  x      j 

•\-  x^)2  dx.     Now,  in  order  to  make  the  series  expressing      ^ 


the 


Z  a  VB      ; 


area  converge,  let  iv  =z ; — ,  from  which  x  z= i  • 

"  2  a  +  X  1  —  w;s 


_  ^^/-ia 


4a^  w'^}^^     2adw    _ 


and  n  d  X  =  -  < \-  — r  •  — ■- 

■'  all   — w       (1— w)2J      (1 — w) 

(1 V))"  I  i 

}5    : 
by  actual  division  ;  therefore,  J'i/dx=:4ab'w'^     'i 
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Tli  +  ^  to  +     ^Ti>2  +  &c.   !-      But  as  m;  =  —^ 

is  a  proper  fraction,  the  powers  of  U)  in  this  series  con- 
verge, while  the  co-efficients  diverge  ;  therefore,  in  order 
to  make  the  co-efticients,  as  well  as  the  powers  of  iv  to  con- 
veige,  we  multiply  the  series  last  obtained  by  (1  —  w,  also 

3 

divide  the  factor  4  a  b  w'^  hy  the  same  quantity,  and  we  get 

8«  l>toK     f  1-1     ,     2-2         ,3.3  4.4 

rydx  -    ^_^       ^  1.3   ^    3.5        ^5.7  ^    7.9 


By  repeating  the   operation  the  value  of  the  series  is  not 
altered;  hence 


^      ,  ^nb  tv'K  f  1  ]  1         o  1 

>^^  ^  ^  =.(r=r^  U  - 1:3:5  •'"  ~  3:5.7 ""  -577:9 

i. 


.tt)' 


&c.      -    but  7/  =  -  (2  a  X   +   x^)^  = ,   and  x  = 


^  "  ^   .    9  ^  „  _  liiAi!^;  therefore, 
T:^^--  ^^■'>-  (l_zo)2 

Jl  1  I 


2 u,3._ 


/.  2  X  ;y  = 

yyd.  =  2x^  la- 1X5^ -3:57^^'^  "577:9 

&c.    [   =  area  A  P  N.     Hence  area  A  P  Q  = 

4  ^  y  ■!  o  —  T:r=  "^  —  ^r^  *^^  —  &c.  f  = 
^   { 3      1.3.0         3.0.7  J 

fl  1  X 1_    ^ x2 ^^  ^ 

•^    (3—  1.3.5*  2«  +x         3.5.7'(2fl  +x)2  'J 

But  J/  =  -  (2  a  X  +  x^)*.     And  the  rule  is 
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1 

21  (2  «  X  +  5  x2)  2  X  4  V   (a  *)         4-  /;  x        ,  .  ,     ,    . 
■ -z X  ,   which   beinor 

expanded,  will  produce  a  series  neaily  equal  to  the  true  ex- 
pression fouml  for  the  area.  (See  Fig',  pujje  92,  Appendix.) 
(Page  7D.) 


64.  If  we  conceive  a  plane  to  pass  through  each  of  the 
lineal  measuring  units  parallel  to  tlie  enils;  and  the  ends  to 
be  similarly  divided  liy  ])lHnes  passini^-  throuq;h  e;ich  lineal 
measuring  unit,  parallel  to  the  sides  ;  then  it  is  evident  that 
the  part  cut  off  will  he  divided  by  the  plane  into  as  many 
cu!)es  as  there  are  squares  in  each  end. 

But  the  magnitude  of  the  whole  prism,  or  of  any  other  of 
an  equal  base,  is  to  the  magnitude  of  the  part  who^e  height 
is  the  lineal  measming  unit,  as  the  height  of  the  whole 
prism  is  to  1  ;  therefore,  the  solidity  of  the  whole  is  equal  to 
that  of  the  part  repeated,  as  often  as  there  are  lineal  measur- 
ing units  in  the  height;  that  is,  equal  to  the  base  multiplied 
by  the  height. 

This  rule  is  true  for  oblique  prisms,  as  is  evident  by  con- 
ceiving a  right  and  an  oblique  prism,  of  equal  bases  and 
heights,  to  be  male  up  of  :iu  infinite  number  of  plates  infi- 
nitely thin,  all  parallel  to  the  base;  when  the  prism?  are  of 
the  same  height,  the  right  and  oblique  prisms  will  each  re- 
quire the  same  number  of  such  plates,  and  therefore,  they 
must  be  equal  to  each  other,  as  they  require  the  same  number 
of  equal  plates  to  constitute  them.     (Page  83.) 


6.5.  It  is  proved  in  every  work  on  solid  Geometry,  that 
everv  jiyramid  is  one-third  of  a  prism,  having  the  same  base 
and  height;  but  the  solidity  of  a  prism  is  found  by  multiply- 
ing the  area  oi  the  base  by  the  height  ;  therefore,  the  solidity 
of  a  pyramid  is  found  iiy  multiplying  the  area  of  the  base  by 
one-third  of  the  height.     (Page  87.) 
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66.  In  solid  Geometry  it  is  proved  that  every  cone  is  the 
fhird  part  of  a  cylinder  having  the  same  base  and  altitude; 
hut  the  solidity  of  a  cylinder  is  fniind  liy  multiplyin;,^  the  area 
of  its  l)ase  by  its  altitude  ;  therefore  the  solidity  of  a  cone  is 
found  by  mnltiplving  the  area  of  its  base  by  one-third  of  its 
altitude.     (Page  88.) 


67.  Let  A^  and  n^  be  equal  to  the  areas  A  B  and  S  D; 
P  and  p  the  perpendiculars  from  the  vertex  V,  upon  the 
pLines  of  the  bases  A  B  and  S  D ;  and  /j  =  P  —  p,  the 
height  of  the  fiustum.  Put  also  C  =  the  entire  solid.  The 
content  of  the  entire  solid  V  A  O  B  K  is 

A«  X  f ,  and  of  the  part  V  S  Q  D  P  =  a^  ^  ^,  (Prob.VI.) 

and  the  difference  between  these  two  solids  is  the  content  of 
the  frustum  ;  that  is, 

A'^  X    I  -  «'^  X   I  =  A^   X   I  +  (A2  _  a2)  X  I  ;    but 
A2  :  rt^  ::  A  R2  :  S  P2  (20.  VI.);  hence, 

A  :  a  : :  A  R  :  s  P  (22.  VI.) ;  hut 

AR:SP::RV:PV::P:;9  (4.  VI.)  ;  therefore,' by 
equality  of  ratios,  A  :  n  y.  V  :  p  ;  and  then,  by  division 
A  —  a  :  n  ::  h  :  p  ;  but 

A  —  a  :  a  : :  A^  —  r?^  :  a  x  (A  +  «)  ;  hence 
A2  —  fi2  :  A  a  +  fl'2  : :  /i  :  77,  and 

(A2  —  a^)  X  I  =  (A  «  +  ^2)  X  ^ ;  therefore, 


96  APPENDIX    TO    3IENSURATI0N. 

(A.  •{-  A  a  +  fl^)  X  o  =  the  content  of  the  frustum,  w^hich 

o 

is  the  rule.     (Page  89.) 


63.  The  Demonstration  g-iven  of  the  last  rule  applies  to 
this.     (Page  90.) 


69,    Let  the  planes  A  0  C  G,  A  R  B  O,  B  R  G  C,  be 

trapezoids,  the  latter  beinj,'-  any  how  inclined  to  the  former, 
and  C  G,  A  O,  li  11,  parallel  to  one  another;  let  also  the 
wedge  be  divided  into  two  pyramids  by  the  plane  BOG; 
then,  B  is  the  vertex  of  the  pyramid,  whose  base  is  the  tri- 
angle O  G  C  ;  and  G  is  the  vertex  of  the  pyramid  which  has 
A  11  B  O  for  its  base.  Again,  let  S  D  be  perpendicular  to 
A  O  and  II  B,  and  D  T  per))endicalar  to  A  C)  and  G  C; 
then,  the  triangular  plane  S  D  T  is  perpendicular  to  the 
three  parallel  edges  BR,  AG,  C  G.  Put  p  =z  the  perpen- 
dicular of  the  triangle,  S  D  T,  let  fall  from  the  vertex  S, 
iipon  the  base  D  T,  (produced  if  necessary,)  and  P  the  per- 
pendicular let  fall  from  T  upon  S  D,  (produced  if  necessary) ; 
hence  P  and  p  are  the  heights  of  the  pyramids  A  R  B  O  G 
and  G  C  O  B  respectively. 

Now, =z  the  area  of  the  triangle  O  G  C; 

,  G  C  X  T  D       p       G  C        T>T  X  p         ,,         ,.j 
and ^  3  —  ~3~  ^  2 ~ 

■content  of  the  pyramid  O  G  C  B.  and ^ X  S  D 

,  A  O  +  R  B 

=  the  area  of  the  trapezoid  A  R  B  O  ;  and  ^ X 

^  ^       P       A  O  +  R  B       S  D  X  P        ,,  ,. ,      „ 

S  D  X  —   = X =  the    sthd  con- 

3  3  2 

tent  of  the  other  pyramid.     But  the  area  of  the  triangular 
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sections  D   T   — — i- — ;    therefore 

■~GC       DTxp,AO+RB       SDxP 

sura— ^X -t — -  -\ X or   the 

o  z  6  .i 

/-  G  C       \  O  -*-  R  ^ 
content  of  the  wedge  is  !*  — ; '- —  \  multiplied 

,DTxj5       ,      SDxP       ,         .  ,.,      ^, 

oy 5 or  by ;    tnat    is,    one-third    of    the 

sum  of  the  parallel   edges,  multiplied  by  the  area  of  the  tri- 
angle S  D  T,  which  is  the  rule.     (Page  91.) 

70.  Dr.  Hutton  gives  the  following  demonstration  of  this 
rule : — 

Since  it  is  evident  that,  according  as  the  edge  is  shorter  or 
longer  than  the  base,  the  wedge  is  greater  or  less  than  half  a 
prism,  of  the  same  height  and  breadth  with  the  wedge,  and 
length  equal  to  that  of  the  edge,  by  a  pyramid  of  the  same 
height  and  breadth  at  the  base  also,  and  the  length  of  whose, 
base  is  equal  to  the  difference  of  the  length  of  tho  edge  and 
base  of  the  wedge ;  we  shall  have  the  content  \h  Ih  -{•  \bh, 

X  {+_L^l)=   yolh   +    Ibh  X    (L  — 0=  Jbh  X 

(SI  +2^  —  21)  =i}bh  X  {2t  +  I). 

Cor-  If  I  =z  L,  the  rule  will  become  -^  j  ii,  ,<.  3  L  =  ^ 
bh  L  z=.  ^  a  prism  of  the  same  base  and  height,  as  it  ought. 

SthoUum.  It  is  evident  that,  whether  the  two  ends,  or  the 
two  sides  of  the  wedge  be  equally  or  unequally  inclined  to  the 
base,  it  will  make  no  difference  in  the  rule.     (Page  01.) 

71.  Conceive  the  frustum  to  be  cut  by  a  plane  passing 
through  the  opposite  edges  A  O  and  P  D,  which  will  evidently 
divide  it  into  two  wedges  A  R  15  O  D  P  and  P  S  Q  D  O  A. 
Let  B  I  represent  the  perpendicular  distance  between  the  ends 
A  R  B  O  and  S  P  D  Q;  also  let  13  O  represent  the  distance 
of  A  O  from  R  B,  and  D  Q  the  perpendicular  distance  of 

4  E 
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,        B  I    X   B  O  , 

P  D   from  S  Q;  tben  it  is   obvious  that -^ ;   and 

_l-2^ —  will  be  the  respective  areas  of  the  two  triangular 

sections  of  the  two  wedges,  which  are  perpendicular  to  the 
edges  B  R,  A  O,  S  Q,  and  P  D.  Then,  by  the  last  rule,  the 
content  of  the  wedge  A  R  B  O  D  P  will  be 

R  B  +  A  O  +  PD_^    B_^><_B  O  .  ^^^  ^^^  ^^^^^^,  ^^ 


3 


SQ+AO+PD 
the  wedge  P  S  Q  D  O  A  will  be  -^        ^ 

B  I  X  D  Q^  ^^^  ^j^g  g^^  ^f  ^^^^  ^jjj  ^g  ^jjg  solidity  of  the 
prismoid-     (Page  92.) 

72.  It  has  been  sho^^m  before  that  the  prismoid  is  com- 
posed of  two  wedges,  whose  bases  are  the  two  ends  of  the 
prismoid,  and  whose  heiglits  are  each  equal  to  that  of  the 
prismoid  ;  therefore,  by  the  last  ProMem,  Rule  IL,  its  solidity 
is  =  [(2  L  +  0  B  4-  (2  /  +  L)  ^]  X  ^  /^ ;  and  as  i  L  -f 
1  Z  =  M,  and  1  B  +  1  6  =  ?«,  are  length  and  breadth  of  a 
section  parallel  to,  ana  equally  distant  from,  each  end,  we 
shall  get 

[(2  L  +  0  B  +  (2  ?  +  L)  &]  X  J  A,  or 

(2BL  +  B/  +  25^  +  6L)  x^^  =  (BL  +  J^  + 
4  M  to)  X  \  h;  that  is,  the  sum  of  the  areas  of  the  two  ends, 
and  4  times  the  section  in  the  middle,  multiplied  by  J  h. 

As  every  prismoid  and  cylindroid  may  be  conceived  to  con- 
sist of  an  infinite  number  of  rectangular  pyramids,  it  is 
evident  that  the  last  rule  will  answer  for  any  prismoid  or 
cylindroid,  of  whatever  figure  the  opposite  ends  may  be. 
(Page  93.) 
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73.  This  rule  may  be  easily  deducpd  from  the  preceding 
ones.  Other  rules  are  given,  which  find  the  true  solidity 
only  when  the  middle  section,  between  the  two  ends,  is  sim  lar 
to  the  two  ends,  which  never  can  be,  except  when  the  parallel 
ends  are  similar  ellipses ;  that  is,  the  transverse  and  conjugate 
diameters  at  each  end  parallel  to  each  other  ;  this  can  never 
happen  but  when  the  solid  is  the  frustum  of  an  elliptical  cone. 
(Page  93.) 


74.  The  reason  of  the  first  nile  is  evident  from  Solid  Ge- 
ometry, where  it  is  demonstrated  that  a  sphere  is  §  of  its  cir- 
cumsciil)ed  cylinder.  But  the  diameter  of  the  base  of  the 
cylinder,  and  its  altitude,  are  each  equal  to  the  diameter  of 
the  sphere  ;  theiefore  (d  being-  the  diaraeten,  d^  X  "7854<  is 
tl.ie  area  of  the  ba<e,  which  being  multiidied  l)y  the  height  of 
the  cylinder,  will  give  its  so'iditv  ;  that  is,  d^  X  '7854  X  d 
:=  d'  X  '7854  r=  the  content  of  the  cylinder,  the  two-l  birds 
of  which  will  be  the  solidity  of  the  sjihere  ;  that  is,  d^  X 
•7^54  X  ^  =  d^  X  -5230  =  the  content  of  the  sphere, 
which  is  the  first  rule. 


The  reason  of  the  second  rule  is  equally  obvious.  For  the 
surface  of  a  sphere  is  equal  to  the  circumference  of  one  of  its 
great  circles  multiplied  liy  its  diameter;  that  is,  c  X  d,  c 
being  the  circumference,  and  d  the  diameter  of  the  sphere. 
Kow,  the  sphere  may  be  considered  as  made  up  of  an  infinite 
number  of  pyramids,  whose  bases  com])Ose  the  surface  of  the 
sphere,  and  all  the  vertices  meeting  in  the  centre,  their  com- 
mon altitude  or  height  being  equal  to  the  radius  of  the 
sphere,  or  half  the  diameter;  and  therefore,  its  solid  content, 
cr  the  solid  content  of  any  spherical  pyramid,  l)eing  a  part 
contained  within  right  lines  drawn  from  the  surface  to  the 
centre,  is  equal  to  a  pyramid  whose  l)ase  is  equal  to  the 
spherical   surface,   and   height    equal    to   the    radius,    or    half 

the    diameter;    that    is,  c    X    d    X  r.*     which    is    the  rule, 

(Page  94.) 


100  APPENDIX  TO  MEXSUKATICN. 

75.  Let  A  C  n  he  a  triangular  pyramid,  whose  base  n  A 
is  infinitely  small ;  the  sphere,  as  was  said  before,  may  be  con- 
ceived to  be  composed  of  an  infinite  number  of  such  pyramids, 
whose  bases  constitute  the  surface  of  the  sphere,  their  alti- 
tudes being  the  radius  of  the  sphere,  and  the  centre  their 
common  vertex;  then,  by  the  last  rule,  the  solidity  of  the 
sphere,  or  any  sector  thereof,  is  equal  to  a  pyramid,  the  area 
of  whose  base  is  the  spherical  surface,  and  its  altitude  the 
radius  of  the  sphere. 

Let  O  D  (h)  be  the  height  of  the  segment  A  D  B ;  then, 
d  X  S°14i6  X  h  ■=  the  spherical  surface,  and  d  X  3"1416 
X  h  X  ICD  =  3-1416  X  dh  X  ^d=z  -5236  d"^  h  =  the 
soHditv  of  the  sector  ACBD,  EutEOxOD^AO^; 
that  is',  {d  —  Ji)  X  h  =  A  O^,  and  A  O^  x  S-1416  x  ^ 
O  C  z=   the  soHdity  of  the  cone  A  C  B   =  (d  —  h)  h  X 

S-1416  X  hit  —  ^0  =  {<i  —  ^0  X  7i  X  •52r.6  X  (d—  2  h) 

—  [d^  h  —  Sdh'2  +2  h,^)  X  '£236,  which,  taken  from  the 
solidity  of  the  sector,  leaves  the  solidity  of  the  segment ; 
that  is,  (-5226  d'^  h)  —  d^  h  ~  3  dlf-  -\-  2  h^)  x  '5236  = 
(3  <^A2  _  2  ^3)  X  -5236  =  {^,  d —  2h)  x  K^  X  -5236, 
which  is  the  first  rule.  This  rule  will  hold  true  v/hen  h  is 
less  than  ^  d. 

Let  r   =:   A   O,   the  radius  of  the  segment's  base ;  then, 

r"  -l-7i2 

(^cl  —  A)  X  7j   —   ?"2  ;  hence,  d   zz r ;  then  substitute 

for  d,  and  the  rule  becomes  ( -z 2  h)    X   h"^    X 

•52SC   =   (3  7-^   +  h^)   X   h  X  -oCSe,  which  is  the  second    J 
rule,  and  is  alv.  ays  to  be  used  when  the  radius  of  the  sphere  is 
not  given.     (Pages  95,  95.) 

76.  Put  H  zr    height   of  the  greater  segment,  and  h  =r 
height   of  the  less ;  II  =   radius  of  the  greater  base,  and  r 
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:=  radius  of  the  less.  Then,  it  is  obvious  that  the  difference 
between  these  t.ro  segments  will  be  the  zone  required ;  that 
is,  (3  R2  +  H2)  X  H  X  -5236  —  (3  r^  +  h"-)  X  h'^ 
X  -5236  =:  [(3  R2  H  +  H5)  _  (3  r^  h  +  /i>)]  X  -5236. 
Put  d  =  the  diameter  of  the  sphere,  and  then,  from  the 
property  of  the  circle,  we  get  (d  —  H)  X  H  =  R^,  and 
[d  -h)  Xh  =  »-2. 


1^2  _L  H^                     r^  +  h^ 
Hence,  d  = — ,  and  d  = r ;  consequently, 

R*  -f  H"2  r^  4-  h^ 

-J =: ^ ,  and  putting  a  =  B.  —  h,  we  get 

[(3  R2  H  +  H5)  —  3  7-2  ;»  -j-  h^)-]  X  '5238  (R^  -f  r-2  + 
I  a^)    X    «    X    1'5708.     Now,    if   one   of    the    radii    pass 

through  the  centre,  we  get  R'^  ==  —  =  C  O^  +  G  O^  = 

r^  +  «^  ;  hence,  the  expression  becomes  (r^  +  §  a)  X  «  X 
3-1416  =  (i  rf2  _  .^.^2)  X  a  X  3-1416.  Hence,  (r-2  +  f 
«^)  X  a  X  6-2832  =  (]  d^  — -I  a^)  x  a  X  6-2832  ex- 
presses the  solidity  of  the  middle  zone  A  B  D  C,  being  double 
the  former,  where  a  is  ^  the  altitude,  and  r  :i::  half  the  diame- 

I 
ter  of  each  end.     Put  A  z=.  the  whole  altitude,  and  c?  =  2  r, 

the  diameter  of  each  end ;  and  the  expression  becomes  {d'^ 
-I-  §  A2)  X  A  X  -78.54  =  (rf2  _  1  A2)  X  A  X  '7854. 
(Page  97.) 


77.  Put   F  C   zr   rt,  F  S   n  c,  and  r  ■=.   radius;  conceive 

an  infinite  number  of  ordinates,  y,  y,  y,  &c.,  to  be  drawn  as 
in  the  figure,  and  let  the  distance  between  every  two  of 
them  be  represented  by  .v.     Then,  O  V^   =  ^-  ;  tberefore 

7-2  —  ^2  -{c-\-y)'^  =  c'^  +2cy  +  y'^;  hence,  7-2  —  c^  — 
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2  c^  —  a:2  =  2/2 .  but  S  C2  (r2)  —  F  S^  (e^)  =  F  C^  (a^). 

therefore,  a'2  —  2  c^  —  *-2  =  y"^.     Now,  if  we  take  ar  =  0, 
1,  2,  3,  &e.,  we  get 

a2  _  2  c  y  r=  3/2 

a2  _  2  c  y  —  12  =3/2 

^^B  _  2  c  /  —  22  =  ^2 

///  /// 

a2  _  2  c  J/  —  32  =z  ^2 

<&c.        &c.         &c.     &c. 

a2  _  2c  X  0  —  a^  =  02 

But  if  we  conceive  the  spindle  to  revolve  about  the  chord 

A  C,  the  sum  of  all  the  circles  whose  radii  are  y,  y,  y,  8cc. 
will  be  the  solidity  of  A  B  L,  and  the  area  of  these  circles  is 

I  (2r/)2[=  4^/2]  +  (2j;)2  [=  4>]  +  &c.}   X  '7854  = 

(3/^  +  y'^  +  ;y2    +   &c )   X    4    X    -7854   =  1/2  +  ^'2  _j.  ^2 

4- &c.)  3-1416.  But  3/2  +  7/2  _|_  ^2  ^  &c.)  =  the  sum 
of  the  left-hand  members  of  the  equations  ;  therefore,  the 
sum  of  the  left  hand  members  multiplied  by  3'1416  will 
give  the  solidity  of  the  part  A  B  L.     The  sum  a"  +  a^,  &c. 

=  a',  sum  of  2  c  ?/  +  2  c  y  +  2  c  3/  +  &c.  =r  2  c  X  A  B  F. 

also,  02  -f  12  +  22  +  32  +  a2  —  _.  therefore,  the 

sum  of  the  left  hand    members  of  the  equations  is  a^  —  2  c 

X  space  A  B  F  —  ~  =  -—    —  2  c  x  space  AB  F  =  (%■ 
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—  c  X  space  A  B  F  j  x  2.     Then,  {—    —    c     X     space 

A  B  f)   X  2  X  3-1416  =  the  solidity  of  A  B  L,  which  is 

— c 

X  space  A  B  f")  4  X  3-1416  =  f^  —  c  X  space  A  B  F^ 
X  12-5664,  which  is  the  rule.     (Page  98.) 

78.  By  the  last,  we  have  r^  —  x^  =  (c  +  3/)^   =  c^  -{- 

2  cy  -\-  ^^,  and  r^  _  c®  _  2  c^  —  x'^   =2/'^;  put  r®  — 
c'^  =  a"^  ;  then, 

a^  —  2  c  3/  —  ^2  =  1/^ 

Put  0,  1,  2,  3,  &c.  for  X,  then, 

a2— 2c3/  — 02  =^2 

II  II 
aP-  —  'ley  —  l"^  =  y^ 

III  III 
a'^  —2cy  —  y-  =3/2 

&c.       &c.       &c.       &c. 

a2  _  2  c  D  P  —  D  02  =3,2 

From  what  has  been  said  in  the  last  Demonstration,  we 

DO' 
have  a2xD0  —  2cx  space  D  P  Q  O -—    =  sum 

of  the  left-hand  members  of  the  equation.     But 
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P,- 


B/D 


I 


S^^^v 


T 


y 


XL 


O         E 


\A 


\ 


T 


do: 


(a^ 


.«2  X  D  O  —  2  c  X  space  D  P  Q  O  — 
(a2  _  D  0^)  X  D  0  —  2  c  X  space  D  P  Q  O  = 


D02 


A  X  D  0  —  c  X  space  P  D  E  L  Q. 


Then  this  multiplied  by  2    X   S-1416  will,  from  what  has 
been  said  in  the  last,  give  the  solidity  of  the  frustum  ;  that 

is,  (a^  _  — ^    X  D  0  —  c  X  space  P  D  E  L  Q  X  6-2832, 

which  is  the  rule.     (Page  99.) 


79.     It  was  shown  in  Proposition  XIV.  Cor.  2.  Ellipse, 

2  c"^  t  n 
that  the    solidity   of  the   spheroid  is  —— — ,  when  t  is  the 


3 


2  c^  t  u 


transverse,  c  the   conjugate,  and  n   =   •7854' ;  but 

=  §  ra  X  c^  ^  =:  §  X  -7854  X  c'^  t  =  '5236  X  c^   t,  which 
is  the  rule. 

.    2  n  ^^  c  '■' 

The  solidity  of  the  oblate  spheroid  is  — — — =  §  n   X 
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<5  c  rr  -5236  X  f^  c See  Prop.  XV.  Cor.  1.  Ellipse.  (Page 

ICO.) 

80.  Let  the  spgment  b?  that  of  a  prolate  spheroid ;  then 
it  is  evident  that  any  plane  section  of  the  inscribed  sphere, 
parallel  to  the  transverse  or  fixed  diameter,  is  to  the  corres- 
ponding- section  of  the  spheroid,  as  the  conjugate  to  the 
transverse ;  therefore,  the  sum  of  all  the  circles  which  forni 
the  segment  of  the  inscribed  sphere,  is  to  the  sum  of  all  the 
ellipses  which  form  the  corresponding  segment  of  the  sphe^ 
roid,  as  the  conjugate  to  the  transverse  ;  hut  the  content 
of  the  segment  of  the  inscribed  sphere  is  (Demonstration  75,) 

(3c  —  2h)h^  X  -5236  .-.    -  (3  c  —  2  h)  Tfi   X  '5236  == 

c 

the  content  of  the  segment  parallel  to  the  fixed  or  perpen- 
dicular to  the  revolving  axis.  In  a  similar  manner  the  rule 
may  be  proved  when  the  segment  is  that  of  an  oblate 
spheroid. 

81.  Let  .V  ■=.  the  height  of  the  segment  which  is  an  ab- 
scissa of  the  revolving  ellipse,  let  y  be  the  corresponding 
ordinate,  and  t  and  c  the  transverse  and  conjugate  diameters, 

then  J/-  =r  —  X  {t  X  —  x-)  ;  hence  the  sum  of  all  the  circles 

constituting  the  volume  of  the  segment,  will  (Propositions  IL 

4  n  c^ 

and  IIL  Arithmetic  of  Infinites,)  be ^(2"  ^  ^'^  —  0  ^^) 

z 

=  ^X|nX[(3^  —  2  x)  X  x'^]=  ^  X  '5236  X  [(3  t^ 

2  x)   X  ^^],  which  is  the  rule.     (Page  lOL) 

82.  Let  /"=  A  B  the  fixed  axis,  )  t-i     .^i  i  .^       u       ■  i 

Y-> -n^  ^,  1  •  .     '  VI^  or  the  prolate  spheroid. 

r  =  L  r  the  revolving  axis,     j  '  .      »ji 

h  ■=.  V  0  the  height  of  the  middle  frustum.  : 

D  =  K  I  the  diameter  of  one  end  of  the  spherical  zone. 

d  z=  m  n  tile  corresponding  diameter  of  the  spheroidal 

zone. 

e2 
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Then,  by  the  Demonstration  76,  the  solitiitv  of  the  niif^dle 
zone  of  the  sphere  is  (/2  _  -i  A^j/j  x  -7804'=  (3/2  _  A«) 
X  h  X  -2618;  but/2  ;  ,.2  ::  (3/2  —  ffi)  h  X  -2618  :  the 
solidity  of  the  spheroidal  zone,  by  Prop.  XIV.  Cor  3.  Ellip- 
sis ;  and  C  D2  ;  E  F^  : ;  I  K^  :  m  »2  ;  that  is,  ^  2  .  ,.2 

r2  ^2  ,.2  ^2 

f«  —  /i2  ;  <;?2  .  hence, /2  z=.  — ^ -— -  ;  therefore. 


,.2_rf2   ""    --  ^',.a_ti9» 

/-  3  r2  ^2  \ 

v^  '.:{  -^ 5-  —  ^2  \  X  A  X  -2618  :  the  solidity  of  the 

spheroidal  zone  ■=!  {2  r'^  ■\-  d"^)  h  X  -2618. 

Putting  /  z=  E  F,  and  r  =:  A  B,  a  similar  resnlt  will  be 
obtained  ;  for  the  content  of  the  middle  aone  of  an  oblate 
S})heroid.     (I^ag-e  102.) 


83.  It  was  proved  in  Prop.  VIII.  Arilh.  of  Infinites.,  that 
the  parabolic  conoid  is  half  of  a  cylinder  of  the  same  base  and 
height.  But  the  solidity  of  the  cylinder  is  D2  x  '"854 
X    A,    (A    lieing-   the  height  of  the  cylinder);  therefore,  the 

v^v  f  u  -J  •  D2  X  -7854  X  h  T^2  V.  oovr 
solidity  of  the  corwwd  is z=   D2    X   '3927 

X  ^5  which  is  the  rule.     (Page  103.) 


84.  It  was  proved  in  Prob.  Vllf.  Cor.  Arilh.  of  Infinites, 
.that  the  solidity  of  the  lower  frustum  of  a  parabolic  conoid  is 
equal  to  half  tbe  sum  of  both  bases  multiplied  by  tbe  height 
of  the  frustum.  If  D  be  the  diameter  of  the  greater  base, 
and  d  the  diameter  of  the  less,  their  areas  are  D^   X  '7854, 

and  rf2    X  '7854  ;  then,  their  sum  is  (D2  ^  d'^  x  —.5-  = 

(D2  4-  d^)  X  -3927,  which  multiplied  by  tbe  height  of  the 
frustum  will  give  its  solidity,  viz.  (D2  -f-  d"^)  X  '3^27  X  h,  is 
the  solidity,  which  is  the  rule.     (Page  103.) 
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85.  It  was  shown  in  Prop.  IX.  Arith.  of  Injinites,  that 
erery  parabolic  spindle  is  equal  to  ^j  of  its  circumscribed 
cylinder.  But  the  contents  of  the  circumscribed  cylinder  is 
D®  X  '7854  X  ^>  D  being  the  middle  diameter,  and  /  the 
length  ;  th^-refore  /^  X  L)^  X  -'854  X  I,  is  the  solidity  of 
the  spindle,  which  is  the  rule.     (Page  104.) 


86.  In  Prop.  IX.  Cor.  Arilh.  of  Infinites,  the  equation  for 
the  solidity  of  the  frustum  Is  2  D^  +  C^  —  -^%  rf2)  ^  L  x 
•2618,  where  D  =:  middle  diameter,  C  =  diameter  of  the 
end,  d  •=.  difference  ot  diameters,  and  L  =i  the  length,  which 
is  the  rule.     (Page  10.5.) 


87.  Put  A  m  =  R,  and  x  —  V  m  the  height ;  then,  U* 
X  3-1416  —  area  of  the  base,  and  R^  X  a;  X  3-1416  ~ 
solidity  of  the  cylinder  of  the  same  base  and  height  as  the 
hyfierbolic  conoid  is  to  the  cylinder  of  the  same  base  and 
height  ^A  \  /  +  \  X  \o  t  •\-  X  ;  therefore,  t  -\-  x  '.  \t  ■\' 
^  X  ::  R'2  X  a;  X  31416   :   hyperbolic  conoid,  ox  t  ■\-  x  \ 

3  t  A-  2  X 

TT '. :  R^  X  a;  X  3-1416   :   hyperbolic  conoid,  which 

•      .^.      c                 ,(3<  +  2ar)         „„  .3-1416 

13,  therefore,   equal -^^— — ■ —     X  R^  X  x   X   — tj —    = 

(3t  +  2x)  X  R^  X  X  X  -5236        ,.,.,,         i     .  u  • 
■^^ ,  which  is  the  rule,  t  being- 

t  +  .X' 

the  transverse.     (Page  106.) 


88.  This  rule  is  proved  in  Demonstration  72,  where 
it  is  shown  that  four  times  the  area  in  the  middle, 
added  to  the  areas  of  the  two  ends,  and  the  sum  nuilti- 
phed   by    ^    of    the    height,   gives    the    solidity,    but    '1309 
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•7854 


heing  -7854  -^  6,  then,  (4  D^  +d^  ^  d^)  x  h  X        g      — 

(4  D2  ^  d^  -\-  d"-)  X  h  X  -1309,  which  is  the  rule.     (Page 
107.) 


89.  Tliis  rule  is  the  same  as  the  last,  and  the  Demonstra- 
tion is  the  same. 


90.  Let  m  0  n  t;  be  a  cylindrical  ring,  the  diameter  of  a 
section  of  which  is  A  C,  and  the  mean  length  m  o  7i  v  passing 
through  its  centre.  Then  A  C  -{-  C  D  ==  m  n ;  therefore, 
the  mean  length  of  the  cylinder  is  m  n  X  3*1416;  and  the- 
area  of  a  section  A  C  is  A  C^  X  '7854 ;  but  the  solidity  of 
a  cylinder  is  found  by  multiplying  the  area  of  its  base,  which 
is  here  A  C^  X  '7854,  by  its  length,  which  ismn  X  3-1416: 
that  is,  A  C2  x  -7854  x  mn  x  3-1416  =  A  C^  x  (A  C  + 
C  D  )  X  2-4074,  which  is  the  rule.     (Page  108.) 


91.  Let  A  B  C  be  the  tetraedron  ;  from  C  let  fall  the  per- 
pendicular C  E,  on  the  opposite  side  A  B  D,  and  join 
E  A.  Then  A  C^  =  A  E^  +  E  C^  ;  but  ^  A  C^  =  i-  A  B^ 
r=  A  £2  ;  therefore,  |  A  C^  =  E  C^.  Hence,  A  C  V  §  = 
E  C ;  but  A  B  D  =  |-  A  B^  V  3  rr  {-  A  C2  V  3  ;  then  the 
solidity  will  bs  equal  to  the  area  of  the  base  multiphed  by  ^ 
of  the  altitude ;  that  is,  |  C  E  X  A  B  D  =  i  A  C  V 
3  X  I  AC^  ^  3  =z  j\  A  C^  V  2,  the  solidity,%yhich  is 
the  rule. 


The  reason  of  the  second  rule  is  obviou.?,  from  a  property 
in  Solid  Geometry,  viz.,  that  similar  solids  are  to  one  another 
as  the  cubes  of  their  like  sides  ;  and  the  tabular  numbers 
being  the  content  of  solids  whose  sides  are  1  ;  therefore, 
the  cube  of  any  side  multiplied  by  the  tabular  number 
corresponding  to  the  figure,  will  give  its  solidity.  (Page 
111.) 
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92.  Let  E  be  the  centre  of  the  solid,  or  the  middle  of  the 
diagonal  A  C,  join  D  E,  which  is  equal  to  A  E. 

The  solid  is  evidently  composed  of  two  equal  squye 
pyramids,  the  common  base  of  which,  A  B  C  F,  is  equal  to 
the  square  of  the  lineal  side  of  the  solid,  the  altitude  of 
each  being  equal  to  D  E,  or  A  E,  half  the  diagonal  of  that' 
square.  Now,  A  B^  =  A  B  C  F;  but  the  area  A  B  C  F  x 
f  A  E  =  A  B2  X  i  A  C  =  -^  A  B^  V  (A  B2  +  B  C^)  = 
^  A  B2  v  2  A  B2)  =  ^  A  B3  v  2,  which  is  the  rule. 
(Page  112.) 

93.  Let  •  A  represent  a  solid  angle  of  the  dodecaedroii» 
and  connect  the  extremities  of  the  sides  A  B,  A  C,  A  D,  of 
the  faces  which  form  the  angle,  by  the  lines  B  C,  C  D,  and 
P  B,  forming  an  equilateral  triangle  BCD,  within  the  solid, 
on  the  centre  of  which,  let  fall  the  perpendicular  A  E;  join 
the  centre  F,  of  one  of  the  faces,  and  the  points  A  and  C.  .;.jj 

The  angle  CAD  contains  108  degrees,  the  sine  of  which 
is  ],  V  (10  +  2  /</  5)  to  the  radius  I. 

.  The  angle  ADC  contains  36  degrees,  the  sine  of  whick- 
is  ^  V  (10  —  2^5).     (Trigo7iomeirt/.) 

Hence,  ^  (10  —  2  V  5)  :  V  (10  +  2  V  5)  ::  A  C  : 
D  C  = 

10  —  Z  */    o  o   —   y    o 

In  somewhat  a  similar  manner,' we  find  C  E  =:  i  C  D  V 
3  =  C  D  V  I  =  ^  ^  ^/     X"A   C  ;    hence,   E   A    = 

2      -y/     o 

V  (A  C-2  _  C  E^)  =  v/  ]  AC2-(i^t^yA  C^  }' 
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=  A    C  v/  (  l_l+g^   =  A  C  V  5^^ 

Nn\v,  the  chord  of  an  arc  being-  a  mean  proportional  between 
its'v^Tsed  sine  and  the  diameter;  A  E  being-  the  versed  sine 
wh(>>H  chord  is  A  C,  and  its  diameter  equal  to  that  of  the 
ciicuMisiiibed  sphere ;  we  have 

AC2-i-2AE  =  AC2-^2ACV  ^~^  ^  zz  A  A  C 

fa 


6-f-2V5^         ^  ^  1  +  ^5 


V  ; 77-^  =  1  A  C  V  6  X  -TT^V^   =  i  A  C  X  >/ 


(3x    ^-^)  =  ACX    ^-^     X    V   3   = 
V  -i  +  V    15 


4 
sphere. 


A  C  =  R,  the  radius  of  the  circumscribed 


Ag-ain;  the  angle  AFC  contains  72  degrees,  whose  sine 
is  ^   V    (10   +   2  V    5).     The  angle  A  C  F  is  54  degrees, 

whose  sine  is ~ .     Hence,  ^^(10+2^^  5)   :1  + 

^  «  "  ^'^  =  A^  =  ;r7^2V^)  X  ^c  =  AC 

a/ .     Now,  it  is  obvious  that  the  radius  of  the 

^  10  ' 

cirrmnsciilied  sphere  is  the  hypothenuse  of  a  right-angled 
triiiiigle,  whose  legs  are  A  F  and  the  radius  of  the  inscribed 
sjdiere;   hence,  we  have  a/  (11^  —  A  F^)  z=  \/ 

['^^t-^-i£Ac)-i±^^AC^]=:AC^ 
^18  +  6^/5        5  +  V  o^.  An,     2^+   ^^  V  ^ 

=  }•,  the  radius  of  the  inscribed  sphere. 
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Now,  the  soliflity  of  any  reg^ular  solid  is  equal  to  the  sur- 
face multiplied  by  ^  of  the  radius  of  the  ni.-cribed  sphere, 
and  the  suiface,  as  will  be  shown  hereafter,  is  equal  to   15 

A2  ^  ^  "^  "  ^   ^;  therefore,    B    y.    \    r    —    \o  M^    ^ 

o 

■ =  C  the  solidity,  A  heing^  the  lineal  side,  B 

the  suiface,  and  C  the  solidity.     (Pag'e  12.) 


94.  Let  A  be  the  solid  angle  of  the  icosaedron,  formed  by 
5  triangles,  wliose  bases  form  the  pentagon  13  C  D  li  F,  on 
the  centre  of  which  let  fall  the  perpendicular  A  C,  join  B  G. 

In    one   of  the   steps    of  the   last    demonstration,    it   was 

shown  that  B  G  =  A  B  \/   ,  and  the   radius    of 

the  circle   circumscribing  one  of  the  faces   A  B    C,  of  the 
solid,    —    A    i/    ^.     But   the  radius   of  the  circumscribing 

A  B2  A  B2 

sphere  is  R  :=  ^-^^   =   ,  ^  ^^  B^  -  B  G^  = 

A  B2  A  B 


2  V  (A  B^  —  /  5  +  V  5  V  A  B^)       2  y-  (1  —  5  +  y/  6) 
V       10       7  10 

^^'  v/    i  A  B   V  7—^  =    A    B   ^ 


2-v/o  —   \/o  5  —  \^  5 

]0~ 
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f       10         ^.  5  4-  ^/  5  X  _  ^    ,  ^       10   X    (5  +   V  5) 


z=  AB  V 


V  5      -5  +  V  57        '  '^  25 

5  +  V  5 


8 

l\ow,  R  is  the  hypothenuse  of  a  right-angled  triangle,  of 
which  the  one  leg  is  Q  (  r=:  A  B  yv/  5)  the  radius  of  the 
circle  circumscribing  one  of  the  faces  ABC,  and  the  other 
the  radius  3*  of  the  inscribed  sphere. 


Hence  r  -  ^/  (R^  —  Q^)  -  ^  (      ^ ^        KW-  —\ 


f5  +_y  5 

8 


J  8X3  ^  -24 

If  the  whole  surface  be  denoted  by  B,  and  the  solidity  by 
S,  we  shall  have 

S  =  irB  =  i-AB  ^  ^  '^  l^^  ^  5  A  B   V   3    =    I 


7   -f  3  V  5  _  74-3V   5 

8  -  6  ^^  ^     V  2 

the  rule.     (Page  113.) 


A  B^  ,/    '    -^  l'^    -  =:  f  A  B^  V    ^  "^r,^    ^  which  is 


95.  The  area  of  an  equilateral  triangle  (Problem  VI.  Sec- 

A^ 
tion  11.)  is  — —  V  3,  A  being  one  of  the  sides  ;  then,  the  area 

of  the  four  faces  will  be  A^  V  3,  which  is  the  first  rule.  The 
reason  of  the  second  rule  is  obvious  from  the  property,  that 
similar  surfaces  are  to  each  other  as  the  squares  of  their  like 
sides.     (Page  llo.) 

96.  The  hexaedron  is  composed  of  six  square  faces,  the 
area  of  each  being  A^,  (A  being  the  side,)  therefore,  6  A^ 
is  the  whole  surface.     (Page  115.) 
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<> 


97.  By  Problem  VI.  Section  II.  the  area  of  one  of  the 
faces  is V  3,  (A  being  a  side,)  therefore,  the  surface  of 

A^ 

the  S  faces  of  the  octaedron  is  -—-  v'3x8=2A2V3> 

■which  is  the  nilc.     (Page  116.) 

98.  In  Table  II.  the  area  of  the  pentagon,  whose  side  is  1, 
is  f  V  (1  +  |-  V  5)  which  being  multiplied  by  12,  will  give 
the  whole  surface,  that  is,  12  X  |  V  (I  +  f  V  5)  =  15  V 
(1  +  I  V  5),  which  is  the  rule.     (Page  116.) 


99.  By  Problem  VI.  Section  IL  the  area  of  one  of  the 

A^ 
faces  is V  3  (A  being  one  of  the  sides) ;  but  the  figure 

A® 
has  20  such  faces ;  therefore,  20  X  -7-  V  3  =  5  A^  V  3  is 

the  surface  of  the  whole  solid.     (Page  117.) 


Table  IV.  may  be  calculated  from  Table  II.  by  multiplying 
the  tabular  numbers  there,  corresponding  to  the  faces  of  the 
regular  bodies,  by  the  number  of  such  faces  forming  the  solid. 
Thus,  4  times  the  tabular  number  corresponding  to  an  equi- 
lateral triangle  will  be  the  tabular  number  corresponding  to 
the  tetraedi'on ;  6  times  the  tabular  number  answeiing  to  a 
square  will  be  the  tabular  number  answering  to  the  hexaedron ; 
8  times  the  tabular  number  answering  to  the  triangle  will  be 
the  tabular  number  that  answers  the  octaedron  ;  and  so  of  the 
rest.     (Page  117.) 

100.  If  we  conceive  the  pentagonal  prism  C  D  E,  &c.,  to 
be  formed  of  pasteboard,  the  upright  surface  of  it   will,  if 
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unfolded,  form  a  parallelogram  A  F  G  L,  whose  altitude  is 
equal  to  that  of  the  prism,  and  base  L  G  equal  to  the  circum- 

A    TI     I      K     O      F 


hk- 


ji  I 


"A" 


-l-yE 


K 


C     D     E     F    O 


C     D 


f^rence  or  perimeter  of  the  pentagon  ;  but  the  area  of  the 
pjuiiUelo^iam  is  A  L  X  L  G  ;  therefure,  the  convex  surface 
of  the  ])rism  is  h  X  p,  h  being  its  height,  and^t;  (r=  L  G)  its 
cironniference  or  perimeter,  to  which  the  areas  of  both  ends 
are  to  he  added  to  tind  the  surface  of  the  entire  prism,  which 
is  the  rule.     (Page  119.) 

101.  If  we  conceive  a  triangular  pyramid  made  of  paste- 
board to   be  unfolded,  it  is  obvious  that  the   surface  of  its 


B    I    B 
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siiles  will  be  equal  to  that  of  C  A  B  D  E.  which  is  composed 
of  three  equal  triangles,  but  the  area  of  C  B  D  is  C  I  X  ^  B  D 
therefore,  the  area  of  the  three  faces  is  C  I  X  ^  (A  B  + 
BD  +  D  E)  =  C  I  X  ^  p,p  beinf^  the  perimeter;  hence 
CI  X  ^  p,  together  with  the  area  of  the  base,  is  the  whole 
surface.     (Page  120.) 


102.  If  a  circular  sector  be  described  on  pnper,  so  that  its 
radius  shall  be  equal  to  the  side  of  the  cone,  and  its  arc  equal 
to  the  circumference  of  the  base,  this  sector  can  be  rolled 
round   the   cone,  so  as  to  cover  it  exactly  ;  but  the  area  of 


this  sector  is  found  by  multiplying  the  radius  of  the  sector  by 
half  the  arc  ;  therefore,  the  convex  surface  of  the  cone  is 
found  by  niuhiplying  the  slant  height  by  half  the  circumfe- 
rence of  the  base,  which,  with  the  area  of  the  base,  is  the 
whole  surface.     (Page  121.) 

K3.  Let  A  B  D  C  be  one  of  the  faces  of  the  frustum ; 
E  F,  which  joins  the  middle  of  A  B  and  C  O,  is  the  slant 
heju^ht.  Now,  it  is  obvious  that  the  ends  being  regular 
polygons,  the  upright  surface  will  consist  of  as  many  trape- 


O 


^ 
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zoids,  each  equal  to  A  B  D  C,  as  there  are  sides  in  the  poly- 
gon, the   common  heig-ht  being  E  F ;  but  the   area  of  the 

AT)       I       p  T) 

face  A  B  C  D  is -■ x  E  F  ;  therefore,  the  area  of 

.    P  +  ffl 

the  whole  upright  surface  is  — - — ~   X     E  F.     (P  and  p 

being  the  perimeters  of  the  two  ends  of  the  frustum,)  to 
which  add  the  areas  of  both  ends,  for  the  entire  surface. 
(Page  1^-2.) 


104.  If  a  part  of  the  sector  E  F  G,  viz.  H  F  G  I,  having 
H  F  =  B  D,  be  rolled  round  the  frustum  A  B  D  C,  so  as  to 
coyer  it  exactly,  it  is  evident  that  the  area  of  the  envelope 


H  F  G  I  will  be  equal  to  the  convex  surface  of  the  cone 

H  I  +  F  G 

A  B  D  C.     But  the  area  of  the  envelope  is   ■ ~ X 

F  H,  and  II  I  is  equal  to  the  perimeter  of  the  less  end  A  B 
of  the  cone,   and  F  G   equal  the  perimeter  of  the  greater 

P  +  Z> 
base  C  D ;  therefore,  — ^j—^   X   B  D  is  the  convex  surface 

of  the  cone,  P  being  the  perimeter  of  the  greater  base,  and 
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p  that  of  the  less  ;  therefore,  — ^— ^  x  B  D,  together  with 

the  areas  of  both  ends,  will  be  the  entire  surface.     (Page 
123.) 


By  mistake,  reference  is  made  to  Demonstration  165,  in 
page  124,  and  the  next  demonstration  is  107,  instead  of 
105. 


107.  It  is  proved  in  Dr.  Lardner's  Euclid,  Prop.  X.  Book 
IV.  Solid  Geometry,  that  the  surface  of  a  sphere  is  equal  to 
that  of  the  circumscribed  cylinder  ;  but  the  cylindrical  surface 
is  equal  to  the  circumference  of  its  base,  which  is  equal  to 
that  of  the  sphere,  multiplied  by  its  altitude,  which  is  equal 
to  a  diameter  of  the  sphere.  Therefore,  the  surface  of  the 
sphere  is  equal  to  its  circumference,  multiplied  by  its  diameter. 
(Page  125.) 


108.  It  is  proved  in  Dr.  Lardner's  Euclid,  Prop.  XI, 
Book  IV.  Solid  Geometry,  that  any  plane  intersecting  a 
sphere  and  its  circumscribing  cylinder,  parallel  to  the  base  of 
the  cylinder,  divides  the  spherical  and  cylindrical  surfaces 
into  parts  which  are  equal  to  each  other.  Therefore,  if  two 
such  planes  be  drawn,  the  spherical  and  cylindrical  surfaces 
"which  they  include  will  be  the  difference  between  the  equal 
spherical  and  cylindrical  surfaces  whch  they  cut  off  towards 
either  of  the  bases  of  the  cyhnder,  and,  therefore,  those  differ- 
ences are  equal. 


But  the  surface  of  the  cyUndrical  segment  is  found  by 
multiplying  its  circumference,  which  is  equal  to  that  of  the 
sphere,  by  its  length,  which  is  equal  either  to  the  distance 
between  the  parallel  planes,  or  to  the  height  of  the  spherical 
segment :  hence,  the  reason  of  the  rule.     (Page  126.) 
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109.  The  envelope  of  a  cylinder  is  a  parallelogram  whose 
sides  are  evidently  the  height  and  circumference  of  the  cylin- 
der ;  therefore,  the  area  of  such  a  parallelogram  is  equal  to 
the  conve'X  surface  of  the  cylinder,  to  which  the  area  of  the 
two  ends  being  added,  the  sum  will  ^\ve  the  entire  surface  of 
the  solid.     (Page  126.) 


110.  See  Figure  Problem  XXVIII.  Sec.  IV.  A  C  +  C  D 
■=z  m  n ;  then,  the  mean  length  of  the  cylinder  is  (A  C  + 
C  D)  X  3*1416;  but  the  circumference  of  a  section  AC  is 
A  C  X  3'1416;  then,  by  the  last  Problem  the  surface  is 
(AC  +  CD)xACx  3-1416  x  31416  =  (A  C  +  CD) 
X  A  C  X  y-8696,  which  is  the  rule.     (Page  127.) 


111.  Let  the  area  of  the  part  required  to  be  cut  off  be  a 
By  similar  triangles,  we  have  AB    :    BC    '.'.    A  x  '.  x  1/  = 

B  C  X  A  or     „ 

But  A  X   X  X  1/ 


AB 


the  areas  of  the  triangles. 


J  T^  .t.      c        ^  C  X  Aa;    ^^    . 

A  X  Y  and  u  w  s }  therefore, r— j^ X  A  .r 

A  a 


[ 
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35  C  X  A  a;2  . 

-^-TT is  the  sum  of  the  areas  of  the  triangles  A  x  1/ 

and  D  w  s.     Now,  the  rectangle  D  s  x  A,  together  with  the 
adjacent  triangles,  is  equal  to  a;  therefore,  we  have 

B  C  X  A  a^  .    ^ 

■ ~&~~u \-   J^   U   X    A.T  =  a,  a  quadratic  equation, 

which  solved  gives  A  .r  =  (A  B^    x    A  D^   +  4 

BC    X    AB   xa)*  —  ABxAD.     (Page  137.) 


112.  Because  the  surface  of  a  sphere  is  eqnal  to  the  curved 
surface  of  its  circumscribed  cylinder;  but  the  curved  surface 

of  a  cylinder  whose  diameter  is  D,  and  height  —  has  been 

shown  to  be  3-1416  x  D  x   -r-  =  1-5708  D^.     Hence,  the 
reason  of  the  rule.     (Page  169.) 


113.  It  is  known  by  experiment  that  an  iron  l)!ill  of  4 
inches  in  diameter  weighs  9lbs.  ;  and  the  weights  of  b dies 
composed  of  the  same  materials  being  as  their  quiintitics  (if 
matter;  that  is,  as  the  cubes  of  their  dianieteis.  It  will  lie 
as  43  (G4)  :  the  cube  of  any  other  luill  :;  9 lbs.  :  the  weight 
required,  which  aflords  the  rule.     (Page  188.) 


114.  It  is  found  by  experiment  that  a  leaden  ball  of  \\ 
inches  dianneter  weighs  17  lbs.  J^ut  the  cube  of  4|  isio  17 
nearly  as  9  to  2.     Hence,  and  from  the  propoition,  that  similar 
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solids  are  as  the  cubes  of  their  diameters,  the  rule  is  obvioas. 
(Page  189.) 


115.  The  reason  of  this  rule  may  be  easily  derived  from 
Problem  I.  For,  by  deducting  the  weight  sufficient  to  fill 
the  cavity,  from  the  capacity  of  the  external  surface,  the 
remainder  will  express  the  weight  of  the  shell.  Let  d  and  D 
express  the  internal  and  external  diameters ;  then,  their 
weights  will  be  d'^  X  •g^j  and  D^  X  ^^  .*.  their  difference, 
viz.  (D^  —  d^)  X  ^^j  will  give  the  weight  of  the  shell. 
(Page  190.) 


116.  By  experiment  it  is  found  that  1  lb.  avoirdupois 
weight  of  gunpowder  contains  31  "OS  cubic  inches.  And 
putting  d  for  the  internal  diameter,  the  capacity  of  the  shell 
isd^  X  -5236.  Hence,  31"06  :  d'^  X  -5236  ::  lib.  :  the 
weight  rec[uired  in  pounds;  that  is,  d^  X  •5236  —  31"06  =: 

v.'hich  is  the  rule,  according  to  the  note.     The  rule 


59-32  .  V.     ^ ..,  -  .^       e 

in  the  text  may  be  explained  in  a  similar  manner.     (Page 
191.) 


117.  Let  /,  h  and  d,  represent  the  length,  breadth,  and 
depth,  respectively ;  then,  the  content  will  be  I,  h,  d ;  hence, 
as  in  the  last,  it  will  be  as  31-06  :  ^  6  c?  : :   lib.  :   the  weight 

required  ;  that  is,  ;r7-r-r  —  Ihdx  -0322,  which  is  the  rule. 
ol'Oo 

(Page  192.) 
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118.  Put  d  equal  the  diameter  of  the  cyHnder,  and  I  for  the 
length,  then,  its  content  is  d'^  I  X  '7854  ;  then,  as  in  the  two 
last,  31-06  :  d'^  I  X  -7854  ::  lib.  :  weight,  that  is,  d'^  I  X 
•7854  -1-  31-06  =  d'^  I  -=r  AO  nearly,  which  is  the  rule. 
(Page  192.) 

119.  Retaining  the  same  notation  as  in  the  last,  and  put- 

d^  I 

40 


fl'2  I 

ting  w  =  the  weight,  we  have  w  — —  ;  then,  40  w   =:   d-  I ; 


40 
divide  both  sides  of  the  equation  by  d'^,  and  we  get  =    — ^ 

which  is  the  rule.     (Page  193.) 

Note The  foregoing  rules  only  approximate  the  truth. 

120.  The  reason  of  this  rule  is  derived  from  the  method 

for  findincr  the  sum  of  a  triangular  progression.     Thus,  in  a 

triangular  pile  it  is  obvious  that  each  course  of  balls  is  in  the 

shape  of  a  triangle.     The  pile  has  only  one  ball  on  the  top  ; 

this  ball  rests  upon  three  balls,  which  form  the  second  row  ; 

and  these  three  balls  rest  upon  6  balls,  which  form  the  third 

row ;  and  these  G  balls  rest  upon  10  balls,  and  so  on.     Then, 

the  sum  of  all  these  balls  is  equal  to  1  +  3  +  6  +  10  +  '^c. 

to  n  terms,  n  being  the  number  of  courses.     But  this  series  is 

=   1  +  (1  +  2)  +  (1  +  2  +  3)  +  (1  +  2  +  3  +  4)   + 

&c to  n  terms.     The  nth  term  of  this  series  is   = 

n.  (n  +  1)        ,    ,     ,       ,         ,    ,  .  n.  (n  —  1) 

,  and  the  last  terra  but  one  is  = ,  &c, 

^   „      .                 .       .          n  (n  +    I    (n   +    2) 
and  the  sum  of  all  this  expression  is  =  

which  is  the  rule.     (Page  194.) 


6 


121.  The  top  of  the  pile  is  one  ball  which  rests  upon  4 
balls;  and  these  4  rest  upon  9  balls;  and  these  rest  upon  16, 
and  so   on  ;  all   the   courses  then   form  a  progression,   such 

as  1®  +  22  +  ^2  _j_  42  _|_  52  ^    &c n^.     This  pro- 

gression  is  formed   of  the  squares  of  the   natural  numbers, 

1,   2,    3,    4,  5,  &c.  to  n  terms,  the   sum    o(    which    is    = 

I  f 
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— ,  as  shown  in  most  books  or  Algebia, 

which  aflfords  the  rule.     (Page  195.) 

122.  The  uppermost  row  consists  of  one  row  of  balls  ;  this 
row  is  supported  by  a  double  row,  the  length  of  which  is  one 
ball  more  than  are  contained  in  the  uppermost  row,  and  the 
breadth  one  ball  more  than  the  breadth  of  the  uppermost  row. 
The  third  rectangular  coiuse  is  2  balls  in  length  and  2  in 
breadth  more  than  the  highest  row  contains,  and  so  on  ; 
therefore,  if  r  =  the  number  of  balls  in  the  highest  row;  2 
(r  +  1)  rz  the  number  of  balls  in  the  second  course ;  .3 
(r  -j-  2)  =  the  number  in  the  third  row,  &c.  Hence  the 
number  of  balls  in  the  whole  pile  is  r  +  2  (?'  +  1)  +  3 
(r  -f  2)  +  &c.  -\-  n  (r  -\-  n  —  1)  where  n  rr  the  number  of 
balls  in  the  breadth  of  the  bottom  course.  But  the  expres- 
sion 

r  +  2  (?•  +  1)  +  3  (r  +  2)  +  &c n  (r  +  n  —  \)  = 

r-\-2r-\-3r-^  &c n  r 

n   (n   +   I) 
+  2  +  6  +  12  +  &c.  n  (n  —  1)   =    — ^—^ — -  .    r  + 

»  (n  —  1)  (n  +   1) 

3 

Now  put  m  —  the  number  of  balls  in  the  length  of  the  base  ; 
then  m  —  n  z=  r  —  1,  or  r=:m  — »+  1;  therefore,  substi- 
tuting m  —  n  +  1  for  r,  we  get  the  number  of  balls  rz 

— ^—^ (m  —  n+  l)-\ g 


^     (  m  —  n  +  1    , 


n—\ 


n(n  +  l){3  m  —  n  +  I) 

which  is  the  algebraic  expression  for  the  rule.     (Page  196.) 


THE  END. 
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